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?  Question ?

fHow to calculate n-point correlators like T
(TO(21)O(22)0(23))

In a Strongly Coupled, Finite Temperature field theory?

® Strong Coupling: AdS/CFT duality

® Finite Temperature: AdS-Schwarzschild/Thermal CFT duality

QCD N =4, SU(N,)
(Quark-Gluon Plasma) Supersymmetric
when g is large — Yang-Mills (SYM)
but slow-changing Field Theory

o |

Real-Time, Finite-Temperature AdS/CFT — p. 3/34



Outline

® A Brief Review
o CFT: N =4 SU(N,) Super-YM Field Theory
o AdS: Type lIB Supergravity in AdS5 Space
o T = 0 Duality: AdS/CFT
o T # 0 Duality: AdS-Schwarzschild/Thermal CFT

® Scalar in AdS-Schwarzchild
# Bulk-to-Boundary Propagators
# 2-Point Functions
# 3-Point Functions
9

related to Schwinger-Keldysh Formalism

® Summary & Outlook
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N =4 SU(N,) Super-YM Field Theory
° Ty T - vy I 1 uv
|7 ﬁztr{_ZDu¢D¢_Z@¢7Du¢ _g—FWF +} —‘

2 2
i=1 I=1 Y M

® (= 4 flat Minkowskian space
Poincaré invariance (rotation and boost + translation)
Symmetry group = SO(1, 3)
® Maximal supersymmetry
» Bosons: o' (x) (i = 1..6), A, ()
® Fermions: l(z) (I =1..4)
R-symmetry: mix same spin fields
Symmetry group = SO(6)

® B(gya) = 0 at quantum level
Scale invariance = Conformal field theory
Symmetry group = SO(2,4) (together with Poincareé)

L’ Global symmetry: SO(2,4) ® SO(6) J
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AdSs x S° Geometry

f.. SO(6) — S° (5-d sphere) T
Embedding:
X+ X3+ X5+ X+ X2+ X5 =R°

Metric: ds* = R*d?

® S0(2,4) — 7
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AdSs x S° Geometry

ﬁ.ﬂ SO(2,4) = AdSs (5-d Anti-de Sitter space) _‘
Embedding:
X2 XX X2 X2+ X2 = R
Metric: ds® = ;—22(—dt2 +dz®) + f—jer
R2 2 —2 2
= ?(—dt + di® 4 dz?)

» Curvature: negative constant
» 2 Poincaré patches

# 1 boundary in each
Poincaré patch:
at r=o00 or z=0

|
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TypelIB Superstring Theory

1
1Y e

1

Aol

_I_

String = 1 spatial dimension =
d = 2 worldsheet: £ = (1,0), (m =0,1)
Worldsheet metric: v,,,(£)

Bosonic field: embedding space
d = 10 spacetime: X* = (t,Z,r,...), (u = 0..9)
Target space metric: G, (X)

Fermionic field: ¢/ (£)
Coupling constant: g5, string length: o/ = {2

AdSs x S° is the backgound

/Z d2g\/§{ V™G (X)) + €7 By (X)]0m X7 (€)0, X7 (€) + o/R,(f)CI)(XW

|
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TypellB Supergravity (SUGRA): d = 10

B 1
2/{%0

S

7
where k19 = 8mw2g,l%

/dloX\/jecb{R(lO) + 4(9“(13()()@#(1)()()} 4+ T

Low Energy (Point) limit of string: massive string modes decouple,

only massless mode survives.

d = 10 spacetime: X* = (t,Z,r,...), (u=0..9)
Fields: metric G, (X), scalar ®(X),
G, (X) = AdSs x S is a classical solution

Classical limit: suppress quantum fluctuations

gs — 0

|
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Classical TypellB Supergravity: d =5

® Kaluza-Klein reduction from d = 10to d = 5, eqg:
O(X) = o(t, L, 7)Yim...(02s)
integrate over S°
® Eigenvalue of Y}, looks like a masstermind =5
Ogs = A(A — 4) = m?

® 5-d effective action

N2
~ 8n2R3

2
S / df’wfg{w“—% (0"60,0 + m2¢2)—%FﬁyFW+- : }

This is the starting point of an actual AdS calculation.
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String/Gauge Duality

2 quite different theories:
String/SUGRA vs. CFT
Same global symmetry groups
—  Prerequisite of forming a duality

Duality: Mapping of everything

Map of (coupling) constants
Map of String fields < CFT operators
Map of String action <= CFT generating functional

—  Map of correlation functions

|
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AdS/CFT Duality: (Coupling) Constants

Quantum IIB String
In AdSy x O
(s 1s)

Ls

s 0 — =0
gs — lR (

Weakly coupled
IIB SUGRA
IN AdS5

drgs =

ls

R

N =4 SU(N,)
SYM (CFT)
(Nm)\:g%fMN()

A

Ne¢

>4 )\%oolNC’A%oo
=)

Strongly coupled

— large N,
Quantum CFT

|
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AdS/CFT Duality: Fields/ Operators

AdS CFT
Fields Operators
0 +— L
Al — g
G Ty
m s A

|
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AdS/CFT Duality: Action & Correlators

AdS CFT
(classical) (strongly coupled)
i 252 —60) G = @) J@)= OG)
Sald] = / Py/=g(99)" + - Z[J] = / De!S+i[ "2l (@)0()
/ piSeld] _ Z[J] \
6™S. (@] | 0210 (zs) 6" 1n Z[J]
e e SO FEU AN ¥ o3 oy ot P
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AdS-Schwar zschild/CFT Duality: T # 0

|7 Weakly coupled Strongly coupled T
lIB SUGRA In PN Quantum CFT at
AdS—Schwarzschilds Finite Temperature
Ty [Witten] T
9 Ang,:
2 2
2 T 2 2 R,
ds® = ﬁ(—dt + di*) + r—2dr

® AdS—Schwarzschilds:

2 2

r 2 2 R 2
(—fdt= +dz=) + Wdr

2 __
dS—ﬁ

f=1- (7”70)4 - Blackening function
\— Th = 75 - Hawking temperature J
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AdS-Sch/CFT Duality: Procedure & Complications

fl. Solve EOM in AdS-Schwarzschild background T
1
O—m?)o(t,Z,r) =0 with (1= ——0,v/—9g9"" 0,
®» Find 2 eigenfunctions
® AdS:2polesatr =0and r = —> Bessel eq.

® AdS-Sch: 4 poles, 2 extra from f atr? = &r2 — 7
® Superposition by B.C.'s — ’7

2. Calculate classical on-shell action
S0 = / Bay/=g {0,00"6 + m>¢?)

global structure: 4 quadrants + 2 timelike boundaries, so [ d°z = 7

LS. Take functional derivative of S;[¢] J
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ODE with 4 Regular Poles. Heun’s Equation

d2¢(z)+<z+ J L€ >al¢(z)+ afz —q b(2) = 0 —‘

dz? z z—1 z—a) dz z2(z—1)(z —a)

4 poles: z=0,1, a, o©
Regularityat z =oc0: e=a+8—v—-0+1

Solution: Heun'’s function in |z| € [0, min{1, |a|})

oo

Hl(a7Q704767775;z) — chzk =1+ iz_|_
Ya
k=0
Recursion relation:  cxi1 =...cp +...Ck—1

2 independent solutions (eigenfunctions):

P1(z) = Hl(a,q,0,8,7,0;2)
¢2(2) = 2 "Hl(a,g— (y—1)(ad+¢€),8—7+1l,a—v+1,2—7,5;2)

or ¢3(z) = ,yl_ifr_ll {¢1(2) - C2§1’;)¢2(Z)} J
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Solving Scalar EOM in AdS-Schwar zschild

1
O-m?)et,z,r)=0 with 0O=-—0,/—g¢g"d,
 @-m)earn) NS o

Y

(¢(t,f, T) 7wt ﬁ(t f;) >¢(w,]2;u)

w=5Tr, k=gkr
| boundary: —0
u=(2)" — f=1-u’ -

\ horizon: u=1

Y

82+ ol O 4 o + k> + m_ R d(w, k;u) =0
Ou? " u(u? —1)du u(u?—1)? " u(w?—1) " dw(?—1) T

A\
3
£
SN
S

P(w, ksu) = Flw, k) ¢(w, k) . {F(u): bulk-to-boundary propagator
é(w, k): boundary field J
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AdS-Schwar zschild: Bulk-to-Boundary Propagators (1)

- N

l.e., 2 independent solutions of the EOM: [starinets]

cu T (L+w)® (1—w) "2 Hi(a,q,0,8,7,0;1 —u)

a:6:(2—%)—|—15iw

vy=1—-w
with < 6=3—-A
a =2
o= (1-20+8) + [+ (A- D) i]w— e —w? +

The otheris  F*(w, k ;u).

o |
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What is F(w, k ;u)?

f’ F(w,k;u) — F(w+ie k;u): analyticin UHP of w —‘
—> Retarded propagator

® Near-horizon v — 1 behavior
Flw, kiu) = (1—u)"'3

Inside the FT.

2 _
o — —Et R 1 =70 .
e zEtF( ,k,U) o (+47“0 n —- ) ~ W

: . ]incoming wave in R

outgoing wave in L

® F(w, ko u) has supports only inside the future light-cone
— Retarded propagator

o |
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Global Structure of AdS-Schwar zschild

|7 Poincare (local) Kruskal (global) T
2 2
5 r 5 R 5 d 2 _ Atg,vK) —dt2 d 2
ds® = _ﬁdt —I—Wdr S = ( K+ 7aK’)
Coordinate transformation: AdS-Sch Penrose diagram
t = Be%r* sinh ot

L R2 In R
rg = Be 20 * cosh ot

2

aR .
tg = —fBe?0 *sinhat
B2 In L
rg = —[e 270 * coshat

Ty = arctan(%) — arctanh(%o)

tk =V +U

L rg =V —U J
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Prescriptions & Boundary Conditions

fDefined in Kruskal (global) coordinates T

® Action integral: only in L & R quadrants, 'minus’ [Frolov & Martinez]

=1,

® Continuity across the horizon: [unruh]
f(UV=0) fU=0,V)
® Freqguency selection: [Son & Herzog]
Physical particles

R: Incoming

L: outgoing

o |
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AdS-Schwar zschild: Bulk-to-Boundary Propagators (2)

§b(tK7 fK) Tk) —

|78qu field (globally defined): { T

Bulk-to-boundary propagators: Feynman & Wightman [Son & Herzog]

ffRR(w,];;u) = %F(w,%;u) — ﬁF*(w,E;u)

<fRL(w,k;u)=€2‘ffTw_1 —F(w,k,u)JrF*(w,k,u)}
fLR(w,lg;u):% F(w,lg;u)—F*(w,k,u)}
KfLL(cu,lg;u) = 627“10 ;F(w,lg;u) + eff:wlF*(w,k,u)

where e 2™ — ¢—E/T _ Boltzman factor
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Structure of On-Shdll Action

- 5[] = /R N T / Ay =gLlg) |
A
EO = 8M¢8M§b + m2§b2, £pe7°t — ggbg
Substitute 0** order EOM solution into the action
Sei[P] :/ d*x/—gg " 0" b + % dud*z\/—go°
R—L u—0 *JR—L
Sei[¢) Z/d4p1d4p25(4) (p1 +p2) > firr (pr; w)V/=gg"" 0" fijo (p2;w) | bsy (01) s (P2)
u—0

ij
)\ 1
+ 45 duv=g / d*prd*pad’pss™ (pr + p2 +p3) > fign (P15 ) figs (p2; w)
' /o -
Jijs (p3§ u>q§j1 (p1>§?§j2 (p2)§5j3 (p3>
where 7,7 = R, L

Next: to take functional derivative w.r.t. ¢.
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AdS-Schwar zschid: 2-Point Functions

fDefine: B T

” i 62Se1| 9]
Gij(p1,p2) (=) 0¢i(p1)dd;(p2)

where i,7=1,2 (1=R,2=1)

»—0

—

2-point functions: F'(u) = F(p;u) = F(w, k;u) [Son & Herzog]

rGll(p) = 87r2R3 vV—99*" |:€27r: 1 F(u)0uF(u) — 6271'}0_1 F*(u)auF*(u)] .

) Gi2(p) = — 7r2R3 V=99 627rw 1 [—F(u)0y F(u) + F*(u) 0y F™* (u)] .
Ga1(p) = G12(P)

KG22(19) = 8712R3 V=99 |:627rw 1 F(u)0,F(u) — @ej%F*(u)auF*(u)] )

Same structure as the propagators: Retarded vs. Feynman & Wightman ?

o |
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AdS-Schwar zschid: 3-Point Functions

fDefine: _
5BSCZ [¢]

G ; » P2, = (=) b 0
jk(P1,p2,p3) = (—) 0¢i(p1)dd;(p2)ddr(ps)

»—0
where ¢,5,k=1,2; (1=R,2=1L)
3-point functions:
i N2 A 1
Gije(p1,p2,p3) = (=) ——=3 A 5 (p1 + po —p3)/ dur/—g
16m= R 0

[fRi(p1§ u) frj(p2; w) frRE(P3;w) — fri(pisw) fr;(p2; w) frr(ps; U)]

N2

_ (_>i+j+k
1672 R3

1
AW (py + ps —p3)/ du~r/—g
0
[n(e%m , €22 e* ™) F(py; u) F(p2; w) F (ps; ) + - - ]

L.Q Tree-level diagrams & Circling rules J
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Schwinger-Keldysh Formalism for Field Theory at T' # 0

f.ﬂ Real-time formalism

® Complex t-contour C, doubler fields

S:/dtL o i
C
Ae t; c O4(t, ) = O(t, 7) i

‘ Oy(t,7) = O(t — i0, T) g — 10
peli—il

® Generating function
2|1, 2] = / D S tif d'eli01—i [ d'eJ20;

® n-point functions

(n) o N —1 0™ In Z[Jl, JQ] o
L Gab({xZ}) — _(_7’) 5Ja(ZC1)5Jb(CC2>... (a7b°‘° — 172) J
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Mapping AdS-Sch Structure to Schwinger-Keldysh

L & R structure «<— S-K contour
2 boundaries <= 2 real time paths

R=1 L=2

Fields: right < real, left < doubler

op=J1, oL =Jo

¢r =01, ¢ =02
n-point function n x n x --- matrices match, e.g.:

Grrrr.. = Gio11...

Hawking temperature <= imaginary contour period

p
2

0O —

-

|
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2-Point Function: Matrix & Causal

fSchwinger-Keldysh 2-point function marix has the following properties: T

® KMS (Kubo-Martin-Schwinger) relation \/
11(p) = —Ga22(p), G12(p) = —G21(p)
® Largesttime identity (rw = Z) \/

G11—e"™Gi1a —e "™Ga1 +Gaa =0

® Feynman, Wightman & Causal
Gi11(p) = Gr(p), Gi2(p) =€e"™G (p), Gr(p)=G11— "G

G11(p) = RGr(p) + icoth (rw) IGr(p)
G12(p) = i csch (mw) SGRr(p)

N? 4o .
\— Gr(p) = S V=99 " F(w,k;u)0,F(w,k;u)

u—0
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3-Point Function: Matrix & Causal

fSchwinger-Keldysh 3-point function marix has the following properties: T

® KMS relation \/
111(P) = G222(p), G121(p) = Ga12(p) -+

® Largesttime identity (p3 = p1 + p2) \/

G111 — e "G — e "G e T8 Gan

+e" 1 G192 + €72 Ga19 — €73 G1a — Gigoo = 0

® Feynman & Wightman
Gin({z)) = Gr({z)) = —(Te PHO(21)0(22)0(x3)),

® Causal [Kobes]
Gr({p}) = G111 — e ™1 Ga11 — e ™2 G121 + e "3 Gagy
Gr({z}) = —0(ts > ta > t1){e"PH[[O(x3), O(2)], O(x1)])
| 0ty > t1 > t)(e P [O(@), 0@, Owa))
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Causal 3-Point Function

f Gr({p}) = G111 — e ™' Ga11 — € "2 G191 + € T3 Gg0 =7 T

A A A A

A L /L@

(w wz)n
GZZle 211

o |
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Causal 3-Point Function

f Gr({p}) = G111 — e ™' Gar1 — e "2G121 + e "G T
Ly
Gipp e 2" = A
/K /L\ (/K /L\)
3
Y
AN?

Gr({r}) =

1
16 2R3 (5(4) <p1—|_p2_p3> / dU\/ _gF(pl ; ’U,)F(pQ ; u>F<p3 ,U)
T 0

L GR({CU})NA/dud4y¢ng(w1—y;U)F(wz—y;u)F*(w:s—y;U) J
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Conclusions & Outlook

® Conclusions

¥

e o o @

Strongly-coupled FT — Weakly-coupled gravity
Finite-temperature — Black Hole in gravity

Mapping of everything: built & checked

2-pt & 3-pt functions: calculated (in terms of Heun’s function)

Causal correlators: very simple structures in gravity dual

® Future Work

»

¥

o

More realistic calculations (such as 7),,)

Non-relativistic, scale-invariant FT — gravity dual

|
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