
Modal analysis of Casimir interactions

Francesco Intravaia
Theoretical Division, MS B213, Los Alamos National 
Laboratory, Los Alamos, New Mexico 87545, USA. 
Mail: francesco_intravaia@lanl.gov,   

Collaborators:
R. Behunin, LANL
D. Dalvit, LANL
P. Milonni, LANL

P. Davids, SNL 
R. Decca, IUPUI
V. Aksyuk, NIST
D. Lopez, ANL
..........

The Casimir effect (1948) is: 

• a mesoscopic “quantum” force 
between neutral non magnetic object

• Of the order of 0.1 µN for a surface of 
1cm2 and a distance of 1µm (equivalent 
to the weight of 10 µg)

• A dispersion force (van der Waals). It goes as 
a powerlaw
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A force relevant for nano- and micro-machines

H. Chan et al.

Sticking/ Contactless Force

Decca et al.



Bose-Einstein Condensates

UV-grade fused silica

87Rb

D. M. Harber et al. Phys. Rev. A 72, 033610 (2005)

Quantum ComputationCourtesy of R. Folman

Recent experiments with atoms



Casimir force is the dominant effect between two neutral 
objects at distances between the nanometer and the 
millimeter lo
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Fluctuation-induced interactions: 
The Casimir Effect

•H. Casimir,  Proc. kon. Ned. Ak. Wet. 51, 793 (1948)
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Today’s topics
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Casimir effect and surface plasmons



Mode Contributions: non-dissipative case
F. I. and A. Lambrecht, Phys. Rev. Lett. 94, 110404 (2005).

F. I., C. Henkel and A. Lambrecht. Phys. Rev. A 76, 033820 (2007).

Plasma model
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TM-modes propagative modes look qulitatively like TE 
modes.

There are only two evanescent modes. They are the 
generalization to al distances of the coupled plasmon 
modes.
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All the TE-modes belong to the propagative sector 

They differ from the perfect mirrors modes because of the 
dephasing due to the non perfect reflection coefficient.
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Plasmonic contribution in metallic plates

z

z

- Attractive and dominant at short separations

- Large and repulsive at large separations

- Unusual power law (E~L-5/2) at large separations
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F. I. and A. Lambrecht, Phys. Rev. Lett. 94, 110404 (2005).

F. I., C. Henkel and A. Lambrecht. Phys. Rev. A 76, 033820 (2007).

Can one reduce the force or get repulsion 
changing the balance of the two contributions?



Out of equilibrium plasmons
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 The sign change to repulsion (positive pressure) would occur for gold at distances between ~ 2.7 µm and  ~3.7 µm

 Total Casimir force (per unit area) in thermal equilibrium (thick line) and in different non-equilibrium scenarios. 

10�6|FC(�p)| � 3.65µPa (for gold)T = 300K(665K) ⇥ � � 0.018(0.04)

a) Total equilibrium
 
b) Surface plasmon modes of one plate out of equilibrium

c) All modes at equilibrium, except for the propagating 
branch of the plasmonic mode.

 H. Haakh, F.I. and C. Henkel, Phys. Rev. A 82, 012507 (2010)
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Role of dissipation: 
diffusive electrodynamics



Dissipative case: Open system

Sum over complex frequencies

Sum Rule!
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 The “system+bath” paradigm
G. W. Ford, M. Kac, and P. Mazur., J. Math. Phys. 6, 504 (1965).
K. E. Nagaev and M. Buttiker,  Europhys. Lett. 58, 475 (2002) 
F. I. et al. Phys. Rev. A 67, 042108 (2003)

 and a lot more...

f(t)x(t)

qn(t)

In this picture, the observables relevant to a mode are damped in 
time because they are strongly coupled to a system with infinitely 
many degrees of freedom that are not directly accessible. 

F.I. and C. Henkel, J. Phys. A: Math. Gen.  41,  164018  (2008)
F. I. and C. Henkel, Phys. Rev. Lett. 103, 130405 (2009)
F. Intravaia and R. Behunin, arXiv:1209.6072 (2012).

“Entropic” 
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Eddy currents

•Plan-Plan configuration:

‣F.I. and C. Henkel, Phys. Rev. Lett. 103, 130405 (2009)

‣F.I., S Ellingsen, and C. Henkel Phys. Rev. A 82, 032504 
(2010)

‣F. I and C. Henkel, arXiv:0911.3490v1

‣C. Henke and F.I., arXiv:0911.3489

• Effects on atom-surface interaction:

‣H. Haakh, F.I., C. Henkel et al., Phys. Rev. A 80, 062905 
(2009)

In the complex frequency plane

Surface Plasmons

•For the non dissipative case at all distance see

‣F. I and A. Lambrecht, Phys. Rev. Lett., 94, 110404 (2005).

‣F. I, C. Henkel, and A. Lambrecht, Phys. Rev. A, 76, 033820 (2007)

• Dissipative case at short distance

‣F. I and C. Henkel, arXiv:0911.3490

Propagating modes and Bulk plasmons

•For an overview see

‣F. I, C. Henkel, and A. Lambrecht, Phys. Rev. A, 76, 033820 (2007)

Casimir Energy
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Foucault-Eddy currents
Principle (Classical View)

•A changing magnetic field generates swirling 
current (Lorentz force).

•These circulating eddies of current create 
electromagnets with magnetic fields that 
opposes the change of the magnetic field 
(Lenz rule).

Applications

•Magnetic brakes

•Induction oven

•Structural Testing of metallic structures

Eddy currents

Changing Magnetic Field

Dynamycs: Diffusion

•Low frequency diffusive phenomenon

•Heat-conduction-like equation for their vector 
potential 

D �2A = ⌅tA, D = �⇥2
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Measurement of the Casimir Force between Dissimilar Metals

R. S. Decca,1 D. López,2 E. Fischbach,3 and D. E. Krause4,3

1Department of Physics, Indiana University-Purdue University Indianapolis, Indianapolis, Indiana 46202, USA
2Bell Laboratories, Lucent Technologies, Murray Hill, New Jersey 07974, USA

3Department of Physics, Purdue University, West Lafayette, Indiana 47907, USA
4Physics Department, Wabash College, Crawfordsville, Indiana 47933, USA

(Received 31 March 2003; published 31 July 2003)

The first precise measurement of the Casimir force between dissimilar metals is reported. The
attractive force, between a Cu layer evaporated on a microelectromechanical torsional oscillator and an
Au layer deposited on an Al2O3 sphere, was measured dynamically with a noise level of 6 fN=

!!!!!!

Hz
p

.
Measurements were performed for separations in the 0:2–2 !m range. The results agree to better than
1% in the 0:2–0:5 !m range with a theoretical model that takes into account the finite conductivity and
roughness of the two metals. The observed discrepancies, which are much larger than the experimental
precision, can be attributed to a lack of a complete characterization of the optical properties of the
specific samples used in the experiment.

DOI: 10.1103/PhysRevLett.91.050402 PACS numbers: 03.70.+k, 12.20.Fv, 42.50.Lc

The Casimir force between two metallic layers arises
from quantum mechanical fluctuations of the vacuum [1].
In recent years, an impressive amount of experimental
[2–4] and theoretical [5,6] work has been performed to
better understand the Casimir force between real metals
[7–9].While most of the work has focused on cases where
the attracting bodies are composed of the same material,
the theoretical models also include the case of bodies
composed of dissimilar metals [5].

Although the Casimir force is of fundamental impor-
tance in its own right, it is also an unwanted background
in current attempts to search for new macroscopic forces
over short distance scales [10]. Such forces have been
conjectured to arise in unification theories, including
those containing additional spatial dimensions [11]. It
follows that setting stringent limits on new forces from
Casimir force measurements requires either a very precise
comparison between theory and experiment or a method
for suppressing the Casimir background [12].

The preceding discussion provides the motivation for
improving our understanding of the Casimir effect. More
precise measurements should result in better theoretical
models which, in turn, will yield a more complete picture
of the Casimir effect, thus improving our ability to detect
new macroscopic forces. Until recently, experiments
lagged behind theory; with the development of sensitive
force transducers, however, it became necessary to intro-
duce refinements to the theory [5,8].

In this Letter, we report the first precise measurement
of the Casimir force between two dissimilar metals, at a
precision !100 times better than previous measurements.
At the current noise level of !6 fN=

!!!!!!

Hz
p

, our data shows
a small disagreement with the Lifshitz formula [13],
which may be due to an incomplete characterization of
the metallic dielectric function, as suggested in [8]. Our
results thus suggest the need for additional experimental

and theoretical work to further improve their agreement
for the Casimir effect.

A microelectromechanical torsional oscillator (MTO)
has been used since it is less affected by center of mass
motions when compared with other systems. A judicious
selection of the geometry results in a reduction of the
spring constant " of the system by over an order of mag-
nitude. Furthermore, we used a dynamic scheme which
fully exploits the high quality factor Q of the MTO.

The experimental setup is schematically shown in
Fig. 1. An Al2O3 sphere with a 600 !m nominal diameter
was sputter coated with a 1 nm layer of Cr followed by
"203# 6$ nm of Au. After coating, the sphere was glued
with conductive epoxy to the side of an Au coated optical
fiber [3]. The radius of the coated sphere was measured to
be "296# 2$ !m, the error arising because the Al2O3
ball was not spherical. On the other hand, asymmetries

FIG. 1. Schematic of the experimental setup showing its main
components. The inset shows a schematic of the electronic
circuit used for the static measurements.
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A matter of models

Ellipsometric measurements

Two different setups 
and samples

� = F/ECas

ECas =
�c�2

720L4

“Maybe...”

- Electrostatic (Patches potentials?)

- PFA: seems to be a very good approximation for the experimental distances / overestimate at 
larger distance

- ...

Not very sensitive to the 
temperature

Data and Picture courtesy of 
R. Decca

(Interband contribution)

R. O. Behunin, F. I. D. A. R. Dalvit, P. A. M. Neto, and S. Reynaud. Phys. Rev. A 85, 012504 (2012).



Recent experiments: Torsional balance

3

and V1 is a constant29. We find that for the gold-coated
plates used in our experiment Vm is very nearly indepen-
dent of d (variation is 0.2 mV between 0.7 µm and 7 µm),
therefore this additional force is small compared to the
experimental error, and we do not include it in our data
analysis. Finally, potential patches on the length scale
d ! λ ! reff give rise to an electrostatic force between
the plates of the form V 2

rms/d, which is the last term in
Eq. (6).

    XYZ 
Positioner

Pivot/Suspension Point 
  (pendulum grounded 
  through torsion wire)

Piezoelectric Transducer
    with Strain Gauge

  Capacitance Bridge
and PID DC Feedback
           Network

Computer
  Control

    DC BiasVoltage
 (from Computer DAC)

  Force (Voltage)
to Computer ADC

FIG. 1: The top-view schematic of the torsion-pendulum ex-
perimental apparatus.

A top-view schematic of our torsion pendulum appa-
ratus is shown in Figure 1 and described in detail in the
Methods section. The total force between the two plates
is measured at 30 logarithmically-spaced plate separa-
tions between 0.7 µm and 7 µm in a series of 383 sweeps,
adding up to a total of 8 days of data taking. In order to
find the plate separation d, the force as a function of bias
voltage V is recorded at a fixed d. A parabolic fit to the
force-vs-voltage data is used to extract the separation d,
and the offset Vm. This procedure is repeated at sepa-
rations of 0.7 µm and 7 µm, at intermediate separations
the bias voltage is set to Vm, eliminating the first term
in brackets in equation (6), and d is determined from
the change in the piezoelectric transducer strain gauge
reading, pre-calibrated in a separate series of direct mea-
surements. The closest approach of 0.7 µm was set due to
feedback instability at smaller plate separations, caused
by the large force gradient3.
A systematic correction has to be applied to the data

to take into account fluctuations in plate separation d30.
The sources of these fluctuations are surface roughness of
the plates, and pendulum fluctuations, caused, for exam-
ple, by apparatus vibrations. Surface roughness measure-
ments were performed with the Micromap TM-570 inter-
ferometric microscope at the Advanced Light Source Op-
tical Metrology Laboratory31,32, yielding an rms rough-
ness of Sq ≈ 10 nm for the curved plate, and Sq ≈ 1 nm
for the flat plate. Vibration-caused fluctuations in d were
measured by connecting an inductor in parallel with the
Casimir plates, and monitoring the resonance frequency
of the resulting LC-circuit; rms fluctuations of <∼ 40 nm

were recorded. In addition, statistical error of ±10 nm in
determination of d contributes in quadrature to the fluc-
tuations mentioned above. We take the total rms plate
separation fluctuation of δ = (40±20) nm. From the Tay-
lor expansion of the Casimir force about the mean plate
separation, we deduce that a correction term F ′′

Cδ
2/2

has to be added to the theoretical force when compar-
ing with experiment, the double prime denotes second-
order derivative with respect to d. In addition, since the
same correction exists for the electrostatic force, the plate
separation d extracted from the electrostatic calibration
was corrected by a factor 1+(δ/d)2, and the electrostatic
patch force V 2

rms/d was corrected by the same factor.

FIG. 2: Experimental results for the total short-range force
between gold plates. The data have been binned for clarity,
the vertical error bars include contributions from the statis-
tical scatter of the points as well as from uncertainties in
the applied corrections, discussed in the text. Also shown
are the four theoretical models for the Casimir force: (i) the
Drude model including the T = 300 K finite-temperature
force (red), (ii) the plasma model including the T = 300 K
finite-temperature force (green), (iii) the Drude model with-
out the finite-temperature force, ie with T = 0 (blue), and (iv)
the plasma model at T = 0 (magenta). The data are plot-
ted with F × d on the y-axis, so that the electrostatic force,
proportional to 1/d, appears as a constant offset on the plot.
Inset: experimental data with each of the theoretical Casimir
force models subtracted, color as above. Electrostatic patch
force πε0RV 2

rms/d corresponds to a constant offset (up to the
small 1+(δ/d)2 correction). The fit to the Drude model points
is shown by the black line.

The binned force data, corrected as described above,
are shown in Figure 2. These data were taken with the
bias potential set equal to the offset Vm (determined at
7 µm), therefore, as shown in equation (6), the recorded
force is a sum of the Casimir force and the electrostatic
patch-potential force, given by the second term in the
brackets. Unfortunately an independent measurement
of this electrostatic force with the required accuracy is
currently not feasible. In order to perform such a mea-

4

surement, the local surface potential has to be measured
with millivolt sensitivity and micron spatial resolution.
Commercial Kelvin probes (used for measurements in
Ref.25, for example) lack the necessary spatial resolu-
tion, since, in order to get an appreciable sample-tip
capacitance, a tip size of at least 1 mm is needed33,
and state-of-the-art custom-built Kelvin probes have
achieved micron-scale resolution, but have the electro-
static potential sensitivity of only 30 mV34. Therefore
the electrostatic patch-potential force has to be modeled
and extracted from our data. This is done by fitting
the experimental data with the expression of the form
F (d) = FC(d) + πε0RV 2

rms/d + a, where FC(d) is the
theoretical prediction for the Casimir force with no ad-
justable parameters (see below), and the constant force
offset a is due to voltage offsets in measurement elec-
tronics; for clarity we subtracted this offset from the dis-
played data. The two fit parameters Vrms and a are the
only adjustable parameters used in our data analysis.

We consider four theoretical possibilities for the
Casimir force between the gold plates: (i) the Drude
model including the T = 300 K finite-temperature force,
(ii) the plasma model including the T = 300 K finite-
temperature force, (iii) the Drude model without the
finite-temperature force (ie with T = 0), and (iv) the
plasma model at T = 0. The Casimir force for each of
these models is calculated using the Lifshitz formalism
and the gold optical permittivity data35, extrapolated to
zero frequency using the corresponding (Drude/plasma)
model with the parameters ωp = 7.54 eV, γ = 0.051 eV
(details in Methods section). The resulting theoretical
force curves are shown in Figure 2. Note that the data are
plotted with F × d on the y-axis, so the patch-potential
force contribution leads to a separation-independent off-
set (up to the small 1 + (δ/d)2 correction) of the experi-
mental data points compared to the theoretical models.

The fit F (d) = FC(d) + πε0RV 2
rms/d+ a is performed

independently for the four theoretical models. The best
agreement is obtained for the Drude model at T = 300 K,
with the reduced χ2 of 1.04. The rms patch potential
fluctuation obtained from the fit is Vrms = (5.4±0.1) mV,
consistent with the magnitude of potential fluctuations
expected across a gold surface due, for example, to work
function variations28. The force offset obtained from the
fit is a = (−3.0 ± 0.4) pN. Having extracted the elec-
trostatic contribution to the force, and the offset, we can
subtract them from the experimental data, the remainder
is the Casimir force, plotted in Figure 3 together with the
theoretical prediction of the Drude model at T = 300 K.
We plot F × d2 on the y-axis, so that the 1/d2 finite-
temperature force of equation (4) corresponds to an off-
set that dominates the force at large plate separations
(d >∼ 3 µm). The experiment is in excellent agreement
with the Drude model containing the thermal Casimir
force. Note that the theoretical calculation of the ther-
mal Casimir force, that dominates at large separations,
is largely independent of the exact values of the Drude
parameters.

FIG. 3: The short-range force data corrected for an elec-
trostatic force with Vrms = 5.4 mV. The reduced χ2 of
1.04 demonstrates excellent agreement with the Drude model
including the thermal Casimir force at T = 300 K (red
lines). The grey band represents theoretical uncertainty in the
Casimir force calculation from the ellipsometry data; the force
curve with Drude parameters ωp = 7.54 eV, γ = 0.051 eV was
chosen for comparison with experiment (see Methods section).
The data are plotted with F × d2 on the y-axis, so that the
thermal Casimir force, given by equation (4), corresponds to
an offset of 97 pN×µm2, which dominates the force at large
plate separations. In this region the Casimir force is largely
independent of the material properties of the plates.

The experimental data rules out the other three the-
oretical Casimir force models. The reduced χ2 obtained
from the fit is: (ii) χ2 = 32 for the plasma model at
T = 300 K (best fit Vrms = 3.0 mV), (iii) χ2 = 23 for
the Drude model without the T = 300 K temperature
correction (best fit Vrms = 4.0 mV), and (iv) χ2 = 43
for the plasma model without the T = 300 K tempera-
ture correction (best fit Vrms = 3.6 mV). Therefore our
experiment rules out the plasma model for the Casimir
force between gold plates in the separation range 0.7 µm
to 7 µm, confirms the Drude model, and demonstrates
the existence of the T = 300 K thermal Casimir force.
The thermal Casimir force drops off as T/d2, and there-
fore dominates over the purely quantum T = 0 Casimir
force (which behaves roughly as 1/d3) for plate separa-
tions greater than 3 µm.

I. METHODS

A torsion pendulum is suspended inside a vacuum
chamber (pressure 5 × 10−7 torr) by a tungsten wire of
25 µm diameter and 2.5 cm length. The force to be mea-
sured is between the two “Casimir plates”, each coated
with a 700 Å (optically thick) layer of gold evaporated
on top of a 100 Å-thick layer of titanium. One is a flat
plate mounted on one side of the pendulum, as shown in

A very recent experiment at Yale measured the Casimir force between 0.7 and 7.5 µm and shows good 
agreement with the Drude model is one takes into account patch-potentials

A. O. Sushkov, W. J. Kim, D. A. R. Dalvit, and S. K. Lamoreaux. Nat. Phys. 7, 230 (2011)
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and V1 is a constant29. We find that for the gold-coated
plates used in our experiment Vm is very nearly indepen-
dent of d (variation is 0.2 mV between 0.7 µm and 7 µm),
therefore this additional force is small compared to the
experimental error, and we do not include it in our data
analysis. Finally, potential patches on the length scale
d ! λ ! reff give rise to an electrostatic force between
the plates of the form V 2

rms/d, which is the last term in
Eq. (6).
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  (pendulum grounded 
  through torsion wire)

Piezoelectric Transducer
    with Strain Gauge

  Capacitance Bridge
and PID DC Feedback
           Network

Computer
  Control

    DC BiasVoltage
 (from Computer DAC)

  Force (Voltage)
to Computer ADC

FIG. 1: The top-view schematic of the torsion-pendulum ex-
perimental apparatus.

A top-view schematic of our torsion pendulum appa-
ratus is shown in Figure 1 and described in detail in the
Methods section. The total force between the two plates
is measured at 30 logarithmically-spaced plate separa-
tions between 0.7 µm and 7 µm in a series of 383 sweeps,
adding up to a total of 8 days of data taking. In order to
find the plate separation d, the force as a function of bias
voltage V is recorded at a fixed d. A parabolic fit to the
force-vs-voltage data is used to extract the separation d,
and the offset Vm. This procedure is repeated at sepa-
rations of 0.7 µm and 7 µm, at intermediate separations
the bias voltage is set to Vm, eliminating the first term
in brackets in equation (6), and d is determined from
the change in the piezoelectric transducer strain gauge
reading, pre-calibrated in a separate series of direct mea-
surements. The closest approach of 0.7 µm was set due to
feedback instability at smaller plate separations, caused
by the large force gradient3.
A systematic correction has to be applied to the data

to take into account fluctuations in plate separation d30.
The sources of these fluctuations are surface roughness of
the plates, and pendulum fluctuations, caused, for exam-
ple, by apparatus vibrations. Surface roughness measure-
ments were performed with the Micromap TM-570 inter-
ferometric microscope at the Advanced Light Source Op-
tical Metrology Laboratory31,32, yielding an rms rough-
ness of Sq ≈ 10 nm for the curved plate, and Sq ≈ 1 nm
for the flat plate. Vibration-caused fluctuations in d were
measured by connecting an inductor in parallel with the
Casimir plates, and monitoring the resonance frequency
of the resulting LC-circuit; rms fluctuations of <∼ 40 nm

were recorded. In addition, statistical error of ±10 nm in
determination of d contributes in quadrature to the fluc-
tuations mentioned above. We take the total rms plate
separation fluctuation of δ = (40±20) nm. From the Tay-
lor expansion of the Casimir force about the mean plate
separation, we deduce that a correction term F ′′

Cδ
2/2

has to be added to the theoretical force when compar-
ing with experiment, the double prime denotes second-
order derivative with respect to d. In addition, since the
same correction exists for the electrostatic force, the plate
separation d extracted from the electrostatic calibration
was corrected by a factor 1+(δ/d)2, and the electrostatic
patch force V 2

rms/d was corrected by the same factor.

FIG. 2: Experimental results for the total short-range force
between gold plates. The data have been binned for clarity,
the vertical error bars include contributions from the statis-
tical scatter of the points as well as from uncertainties in
the applied corrections, discussed in the text. Also shown
are the four theoretical models for the Casimir force: (i) the
Drude model including the T = 300 K finite-temperature
force (red), (ii) the plasma model including the T = 300 K
finite-temperature force (green), (iii) the Drude model with-
out the finite-temperature force, ie with T = 0 (blue), and (iv)
the plasma model at T = 0 (magenta). The data are plot-
ted with F × d on the y-axis, so that the electrostatic force,
proportional to 1/d, appears as a constant offset on the plot.
Inset: experimental data with each of the theoretical Casimir
force models subtracted, color as above. Electrostatic patch
force πε0RV 2

rms/d corresponds to a constant offset (up to the
small 1+(δ/d)2 correction). The fit to the Drude model points
is shown by the black line.

The binned force data, corrected as described above,
are shown in Figure 2. These data were taken with the
bias potential set equal to the offset Vm (determined at
7 µm), therefore, as shown in equation (6), the recorded
force is a sum of the Casimir force and the electrostatic
patch-potential force, given by the second term in the
brackets. Unfortunately an independent measurement
of this electrostatic force with the required accuracy is
currently not feasible. In order to perform such a mea-

R. O. Behunin, F. I. D. A. R. Dalvit, P. A. M. Neto, and S. Reynaud. Phys. Rev. A 85, 012504 (2012).
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FIG. 12. Comparison between the experimental data for the
gradient of the Casimir force (crosses plotted at a 67% confidence
level) and theory (black and gray bands computed using the Drude and
plasma model approaches, respectively) within different separation
regions. The experimental data are obtained with the compensating
voltage applied to the plate.

From Figs. 12(a)–12(d) it can be seen that theoretical
predictions obtained using the plasma model approach are
in excellent agreement with the data over the entire range
of separations. As to the predictions of the Drude model
approach, they are excluded by the measurement data over
the wide separation region from 235 to 420 nm. At larger
separation distances the vertical arms of the crosses only touch
the theoretical band predicted by the Drude model approach,
whereas the centers of crosses are still far away from the
theoretical predictions. Thus, the experimental data obtained
with applied compensating voltage are consistent with the pre-
dictions of the plasma model approach and exclude the Drude
model approach. This is in accordance with the results obtained
previously using another experimental technique.21–24

We now compare with theory the experimental gradients of
the Casimir force measured with different applied voltages
to the plate (see Sec. IV B). In this case, the results of
the comparison are shown in Figs. 13(a)– 13(d), where the
experimental data are indicated as crosses. As in Fig. 12,
the black bands are computed using the exact theory in the
framework of the Drude model approach. The gray bands are
computed using the PFA and the plasma model approach.
The error in the plasma model approach is included in the
widths of gray bands. The results of the comparison between
experiment and theory are the same as in Fig. 12. The plasma
model approach is found in excellent agreement with the
experimental data over the entire measurement range (shown
in Fig. 13 and also at larger separations). The Drude model
approach is excluded by the data over the separation region
from 235 to 420 nm at a 67% confidence level. At larger
separations the vertical arms of the crosses only touch the
black theoretical bands, whereas the centers of the crosses
continue to belong to the gray bands.

We emphasize that the use of the exact theory in computa-
tions of the black bands (the Drude model approach) does not
influence the obtained conclusions. Although the correction to
the PFA result in Eq. (11) is negative and slightly increases the
deviation between the data and the black bands in Figs. 12 and
13, the separation range where the Drude model approach is
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FIG. 13. Comparison between the experimental data for the
gradient of the Casimir force (crosses plotted at a 67% confidence
level) and theory (black and gray bands computed using the Drude and
plasma model approaches, respectively) within different separation
regions. The experimental data are obtained with different voltages
applied to the plate.

excluded (from 235 to 420 nm) remains the same irrespective
of whether the exact theory or the PFA is used.

VI. NONLINEAR EFFECTS IN DYNAMIC TECHNIQUE

As was noted in Sec. II, in the dynamic technique, when
the cantilever is oscillating, the separation distance between
the sphere and the plate is varied harmonically in time

a(t) = a + Az cos ωr t, (14)

where ωr is the resonant frequency of the cantilever under
the influence of the Casimir force and Az is the oscillation
amplitude which was chosen to be less than 10 nm. It
was supposed that under this condition at separations under
consideration our oscillation system belongs to the linear
regime where the shift of the natural frequency is given
by Eq. (2). Here we derive the analytic expression for the
frequency shift in the nonlinear regime of an oscillator and
determine the application region of Eq. (2).

The expressions for the shift of frequency of a nonlin-
ear oscillator under the influence of the Casimir (Casimir-
Polder) force were found perturbatively for the micromachined
oscillator4,5 and exactly for the Bose-Einstein condensate
cloud above a plate.71 The techniques involving shifts of the
resonant frequency under the influence of an external force
was discussed for the purpose of precise force measurements
using different setups.49,72 The exact expression71 adapted to
the case of an AFM with attached sphere in the nonlinear
regime is given by

ω2
r − ω2

0 = − ωrω
2
0

πkAz

∫ 2π/ωr

0
dt cos(ωr t)F [a + Az cos(ωr t),T ],

(15)
where F is the Casimir force acting between the sphere and
the plate. Note that a similar equation was used73 to investigate
the nonlinear regime for a micromachined oscillator with
attached cylinder interacting with a plate. Here we consider the
measurement scheme with the applied compensating voltage
when only the Casimir force causes the frequency shift of the
oscillator. As was discussed in Sec. V, under the condition
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C.-C. Chang et al, Phys. Rev. B 85, 165443 (2012).

Recent experiments: Dynamic AFM
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in two ways: (i) with applied compensating voltage and (ii)
with applied different voltages with subsequent subtraction
of the electric force. In Sec. V we perform the comparison
between experiment and theory. The role of nonlinear effects in
dynamic measurements using an AFM is discussed in Sec. VI.
In Sec. VII the reader will find our conclusions and discussion.

II. SETUP AND SCHEME FOR DYNAMIC
MEASUREMENTS IN THE FREQUENCY-SHIFT

TECHNIQUE

The main role in the setup for dynamic measurement
of the gradient of the Casimir force in the frequency-shift
technique [see Fig. 1(a)] is played by the detection system. This
system consists of an AFM cantilever with attached sphere,
piezoelectric actuator, fiber interferometers, light source, and
phase locked loop (PLL). The detection system was placed
in a high-vacuum chamber [see Fig. 1(a)]. The high vacuum
down to 10−9 Torr was created and sustained with the help
of different pumps, valves, gauges, and various vacuum
feed-throughs. We begin the description of the setup with the
vacuum system.

For the main vacuum chamber an 8′′ six-way stainless
steel cross was used. This chamber was mounted on an 8′′

ion pump. The chamber was first evacuated by a turbo-pump
backed by an oil-free dry scroll mechanical pump. The first two
pumps can achieve a vacuum down to 2 × 10−7 Torr. The ion
pump allows us to reach a vacuum of 10−9 Torr. The vacuum
chamber was separated from the turbo and mechanical pumps
by a gate valve that can be closed when only the ion pump
is to be used. Low vacuum pressure less than 10−3 Torr was
measured with a thermal-conductivity gauge. For measuring
high vacuums of 10−9 Torr an ionization gauge was used. The
main vacuum chamber was supported on a damped optical
table having a large mass to reduce the mechanical noise.
For the electrical connections to elements inside the vacuum
chamber D-type subminiature connections were used offering
UHV feed-through with 25 pins that were hermetically
sealed and insulated by means of glass ceramic bonding. For
optical connections a home-built optical fiber feed-through
was used made on a CF flange welded with a clean stain-
less tube. A cladding-stripped 1550-nm fiber was inserted
through the steel tube and sealed using Varian vacuum Torr
seal.

We continue the description of the setup by acquaintance
with the fiber interferometers [see Fig. 1(b) for more details].
Two fiber optic interferometers were used. One interferometer
monitored the cantilever oscillation. The second recorded
the displacement of the Au plate mounted on the AFM
piezoelectric actuator. For constructing the interferometer, we
used a 1550 nm single mode fiber that has extremely low
bending loss and low splice loss compared to the standard
SMF-28 1550 nm fiber. A super luminescent diode with
a wavelength of 1550 nm served as the light source for
the cantilever frequency measurement interferometer. The
coherence length of the diode was 66 µm. A short coherence
length is necessary to avoid noise from spurious interferences
from unwanted reflections. An optical isolator with FC-APC
connectors joined the diode to a 50/50 directional coupler. We
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FIG. 1. (Color online) (a) Layout of the vacuum FM-AFM
setup used in precision dynamic measurements of the gradient
of the Casimir force. (b) Schematic of the force measurements
microscope. (1) is a Au plate placed on the AFM piezo (2). (3) is
the plate movement interferometer detection fiber. For monitoring
the cantilever (4) oscillations the second interferometer was used, the
detection fiber end is shown as (5). The end was fixed in the fiber
holder (6), which was placed in the XYZ stage and can move in the
XYZ direction for adjusting the signal from cantilever. The cantilever
chip (7) was connected to two piezoelectric actuators [(8) and (9)]
and clutched in the home-made cantilever holder (10) as shown in the
picture.

used the typical fused-tapered biconic coupler at a 1550 nm
wavelength with a return loss of −55 dB relative to the input
power. To reduce the signal power attenuation, we avoided
bulkhead connectors that usually have ∼0.3 dB power loss.
A fiber-coupled laser source with a wavelength of 635 nm
was used for the Au plate displacement interferometer. In our
experimental setup, we used a commercial anodized black xyz
stage [see Fig. 1(b)] to move the fiber end vertically above and
close to the cantilever. But the anodizing may significantly
increase outgassing rates because of its porous structure.
Therefore, special treatments were done before placing the xyz
stage into the high vacuum chamber. The xyz-stage was first
disassembled and the parts scrubbed with strong solution of
detergent in an ultrasonic cleaner. They were then rinsed with
very hot water. Next they were immersed in a 10% solution of
sodium hydroxide (NaOH) saturated with common salt (NaCl)
at 80 ◦C. The parts were then polished in a conventional wheel
polishing machine. They were then immersed in 10% solution
of hydrochloric acid to obtain a bright finish. This was then
followed by rinsing in DI water and reassembly of the xyz
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FIG. 10. Magnitudes of the mean Casimir pressure previously
measured23,24 are shown by (a) black and (b) white lines as functions
of separation. Magnitudes of the mean Casimir pressure measured
here are indicated as crosses. The arms of the crosses are determined
by errors in the measurement of separations and force gradients.

Casimir force then is obtained from Eq. (5) as

F ′(a) = − 1
C

!ω − ∂X(a,R)
∂a

(Vi − V0)2. (8)

The dependence of the Casimir force gradient on separation
was measured 4 times with 11 applied voltages leading to 44
force-distance curves. The mean values of the Casimir force
gradient with a step of one nanometer are shown as black dots
in Fig. 11(a) and over a more narrow separation region in the
inset. All 44 individual values of the Casimir force gradient
are shown as gray dots with the step of 5 nm (1 nm in an inset).
It can be seen that Fig. 11(a) is very similar to Fig. 7, where
the measured gradient of the Casimir force was obtained using
another procedure.

The error analysis in this case differs a bit from what was
performed before. Specifically, the random error calculated
from 44 repetitions at a 67% confidence level is shown by
the short-dashed line in Fig. 11(b). From the comparison
with Fig. 9 it is seen that in the measurement scheme with
different applied voltages the random error is slightly smaller.
In addition to the two sources of systematic errors discussed
in Sec. IV A, we now have one more systematic error in
the gradient of electrostatic force subtracted in accordance
to Eq. (8). As a result, the systematic error in the gradients
of the Casimir force shown by the long-dashed line in
Fig. 11(b) depends on separation. The total experimental
error determined at a 67% confidence level is shown by the
solid line in Fig. 11(b). At short separations the total error
is slightly larger and at large separations slightly smaller
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FIG. 11. (Color online) (a) Mean measured gradients of the
Casimir force as a function of separation are shown by solid lines.
Gray dots indicate all 40 individual force gradients plotted with the
step of 5 nm (1 nm in the inset). (b) The random, systematic, and total
experimental errors in the measured gradient of the Casimir force
determined at a 67% confidence level are shown by the short-dashed,
long-dashed, and solid lines, respectively. The measurement scheme
with different applied voltages is used.

than in the measurement scheme with applied compensating
voltage. Specifically, at a = 236 nm it is equal to 0.75% and
at a = 500 nm to 11.3%.

We present the values of mean gradients of the Casimir
force measured with different applied voltages at different
separations in column 3 of Table I together with their total
experimental errors. From the comparison of column 3 with
column 2 it can be seen that the gradients of the Casimir
force measured with different applied voltages and with the
compensating voltage are in very good mutual agreement.
The differences between the values in columns 2 and 3
calculated at any separation are significantly smaller than the
total experimental errors indicated in Table I. This confirms
the fact that our error analysis is conservative and the errors
are overestimated giving high confidence to our conclusions
with respect to the comparison with theory (see Sec. V). In
a similar way, the comparison between columns 3 and 4 also
demonstrates a very good agreement between our data and the
results of IUPUI experiment23,24 within the limits much below
allowed ones, as determined by the absolute errors.

V. COMPARISON BETWEEN EXPERIMENT AND
THEORY

We now compare the experimental data for the gradient of
the Casimir force between the sphere and the plate with the
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A even more recent experiment at Riverside confirmed the 
agreement with the Plasma model. It shows a very 
good agreement with the results of the previous 
experiment.
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Measurement of the Casimir Force between Dissimilar Metals
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The first precise measurement of the Casimir force between dissimilar metals is reported. The
attractive force, between a Cu layer evaporated on a microelectromechanical torsional oscillator and an
Au layer deposited on an Al2O3 sphere, was measured dynamically with a noise level of 6 fN=

!!!!!!

Hz
p

.
Measurements were performed for separations in the 0:2–2 !m range. The results agree to better than
1% in the 0:2–0:5 !m range with a theoretical model that takes into account the finite conductivity and
roughness of the two metals. The observed discrepancies, which are much larger than the experimental
precision, can be attributed to a lack of a complete characterization of the optical properties of the
specific samples used in the experiment.

DOI: 10.1103/PhysRevLett.91.050402 PACS numbers: 03.70.+k, 12.20.Fv, 42.50.Lc

The Casimir force between two metallic layers arises
from quantum mechanical fluctuations of the vacuum [1].
In recent years, an impressive amount of experimental
[2–4] and theoretical [5,6] work has been performed to
better understand the Casimir force between real metals
[7–9].While most of the work has focused on cases where
the attracting bodies are composed of the same material,
the theoretical models also include the case of bodies
composed of dissimilar metals [5].

Although the Casimir force is of fundamental impor-
tance in its own right, it is also an unwanted background
in current attempts to search for new macroscopic forces
over short distance scales [10]. Such forces have been
conjectured to arise in unification theories, including
those containing additional spatial dimensions [11]. It
follows that setting stringent limits on new forces from
Casimir force measurements requires either a very precise
comparison between theory and experiment or a method
for suppressing the Casimir background [12].

The preceding discussion provides the motivation for
improving our understanding of the Casimir effect. More
precise measurements should result in better theoretical
models which, in turn, will yield a more complete picture
of the Casimir effect, thus improving our ability to detect
new macroscopic forces. Until recently, experiments
lagged behind theory; with the development of sensitive
force transducers, however, it became necessary to intro-
duce refinements to the theory [5,8].

In this Letter, we report the first precise measurement
of the Casimir force between two dissimilar metals, at a
precision !100 times better than previous measurements.
At the current noise level of !6 fN=

!!!!!!

Hz
p

, our data shows
a small disagreement with the Lifshitz formula [13],
which may be due to an incomplete characterization of
the metallic dielectric function, as suggested in [8]. Our
results thus suggest the need for additional experimental

and theoretical work to further improve their agreement
for the Casimir effect.

A microelectromechanical torsional oscillator (MTO)
has been used since it is less affected by center of mass
motions when compared with other systems. A judicious
selection of the geometry results in a reduction of the
spring constant " of the system by over an order of mag-
nitude. Furthermore, we used a dynamic scheme which
fully exploits the high quality factor Q of the MTO.

The experimental setup is schematically shown in
Fig. 1. An Al2O3 sphere with a 600 !m nominal diameter
was sputter coated with a 1 nm layer of Cr followed by
"203# 6$ nm of Au. After coating, the sphere was glued
with conductive epoxy to the side of an Au coated optical
fiber [3]. The radius of the coated sphere was measured to
be "296# 2$ !m, the error arising because the Al2O3
ball was not spherical. On the other hand, asymmetries

FIG. 1. Schematic of the experimental setup showing its main
components. The inset shows a schematic of the electronic
circuit used for the static measurements.
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A matter of models
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“Perfect crystal” limit: 
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The sign of the entropy has no physical 
meaning since we are looking at difference 
of entropies

The third law of thermodynamics states that the entropy of a system at absolute zero is a well-defined constant.

For a quantum system at zero temperature the entropy is determined only by the degeneracy of the ground state.



Reason for this “Pathology”

Drude Model

A Drude metal is transparent for low frequency magnetic fields (Bohr - van Leeuwen).

Remarkably, a superconductor will actively exclude any magnetic field 
present when it makes the phase change to the superconducting state 
(Meissner Effect). In agreement with London’s theory the plasma model 
is a simple description of a superconductor (initial condition B=0 inside 
the metal).

BCS and Plasma Model

B �= 0

“Perfect cristal - Perfect cunductor”

If a perfect metal already had a steady magnetic field through it and was 
then cooled through the transition to a zero resistance state the 
magnetic field is be expected to stay the same (solution discarded by 
London’s theory). 

In the “perfect crystal” the disorder is frozen down to zero temperature
Situation very similar to a glass (Faucault-Glass)! The Nernst’s theorem 
does not give zero in this case

B �= 0

Eddy currents
Eddy currents

B = 0

Supercurrents

B �= 0

Steady eddy currents

H.-J. van Leeuwen, J. Phys. Radium 2, 361 (1921)
P. R. Buenzli and P. A. Martin, Europhys. Lett., 72, 42 (2005).
G. Bimonte, Phys. Rev. A, 79, 042107 (2009).

•F.I. and C. Henkel, Phys. Rev. Lett. 103, 130405 (2009)

F. London and H. London, Proc. Royal Soc. A 149, 71 (1935)



Casimir effect and geometry effects



Casimir interaction with metallic gratings

Motivations:

- Control the Casimir force

- Strong signal

- Plasmonic effects 
(Intravaia & Lambrecht PRL 2005)
(Intravaia, Henkel & Lambrecht PRA 2007)
(Haakh, Intravaia & Henkel PRA 2010)

Difficulties:

- Fabrication challenges

- Calibration

- Measurement

- High conductivity

} Experiment

} Theory

R. Decca (IUPUI).  World most precise set up!



If one of the objects is a sphere with very 
large radius we can use the Proximity 
Force Approximation (PFA) and evaluate 
the interaction as if the sphere was a 
plane 

The reflection coefficients of the plane are 
given by the Fresnel coefficients.

Replacing a sphere with a plane

Distance
Casimir Force

D
ep

th

Radius

ncetanceistanDisD cecenceanceanceancestancestancstancDisDistaDisDDD anistaDiD stastanstaDistDisDisDDD
Psph�g(a) = 2⇡RFpl�g(a)



What to expect?

✏Au
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what about non trivial effects?

A weaker force

PPFA(a) = fP (a) + (1� f)P (a+ d) < P (a)



The scattering formula allows to calculate the free 
energy between two bodies the Casimir if we know 
the reflection operator of each isolated object.

The translation operators carry no 
information about the objects but 
their position in space

Reviews
Kenneth & Klich, PRL 2006
Lambrecht et al, NJP 2006
Rahi et al, PRD 2009

Casimir interaction with general geometries

Reflection operators

Translation operators

F(a) = kBT
0X

l=0

logDet [1�R1(i⇠l) · X (i⇠l, a) · R2(i⇠l) · X (i⇠l, a)]

Previous work
Büscher & Emig, PRA 2004
Lambrecht & Marachevsky, PRL 2008
Rodriguez, Joannopoulos, & Johnson, PRA 2008
Davids et al, PRA 2010
..........

Scattering approach

Sum over Matsubara frequencies

⇠l =
2⇡kBT

~ l
The sum starts with zero. Therefore 
the reflection operators must be 
correctly evaluated at zero frequency



How do you get the reflection properties
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Reflection from a lamellar grating

In the simple case of a lamellar grating this can be done almost completely 
in an analytical way

0th Order

1st Order

2nd Order
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ayleigh expansion
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Li, J. Mod. Optics 1993
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Eigenvalues

Recasting Maxwell equations

Analytical expressions Transcendental 
equation



Reflection Matrices
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This result can be shown analytically!



Experimental results vs PFA

Small separations:  PFA underestimates the 
total pressure.

Large separations:  PFA overestimates the exact 
pressure.

Trends (similar filling factor but with a different period): 
it can be understood with a scaling argument.

➡ At short distance the shorter the grating period, the larger the enhancement of the Casimir pressure 
with respect to PFA, 

➡  at large distances the opposite happens - shorter period leads to a stronger reduction of the Casimir 
force.

p=250nm, w=90nm, h=216nm

p=300nm, w=116nm, h=214nm

Pressure is going to zero faster than d-4

Since for large separations distances 
PPFA(d)∝d-4, the Casimir pressure is decreasing 
as a power law with an exponent larger than 
four.

Similar filling factor
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H. B. Chan et al. PRL 2008
Lambrecht & Marachevsky, PRL 2008
Davids et al, PRA 2010

Sample A: period=1µm, filling a=0.510

PFA underestimates the real force

Previous work with Si gratings



Comparison: Experiment/Theory

Disagreement between theory and experiment
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p=250nm, w=90nm, h=216nm

Crosschecks show that the 
theory is accurate within few 
percents

Double checks on the 
experiment show no 
apparent mistakes

EMA Limit

PFA Limit



Conclusions

Comparison with experiments

➡ Puzzling agreements/disagreements between theory and experiment

➡ Dissipation or not?

➡ Geometry effects: Power law faster than d-4; Stronger decay for shorter periods 

So what is going on?

➡Are we correctly describing the experiment?

➡Is the experiment correct?

➡Is something wrong with the theory?

➡Further analysis are on going

Modes analysis an very useful tool

➡Connection with plamsonics

➡Connection with diffusive electrodynamics (and superconductors and glass physics)

➡Study of complex geometries


