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APPENDIX E
VECTORS

INTRODUCTION

Many physical quantities can be completely described by just one number. Such
guantities are called scalar quantities. Examples of scalar quantities are mass, length, area,
energy, temperature, etc. For other quantities, called vectors, a single number is not enough. A
force F requires three numbers to be completely described. These three numbers depend on the
coordinate system in which the vector is chosen to be described. In any particular coordinate
system, then, these three numbers are simply the projections of the vector on the three
coordinates of the system. The vector itself is usually represented as a list of the numbers
enclosed by parentheses. For example,

F=(F.FF). 1
Here, the subscripts correspond to the coordinates of the system.

In Cartesian coordinates, the three numbers are the lengths, Fy, Fy, and F, of the vector
F’s projections onto the x-, y-, and z-axes. Fy, Fy, and F, are called the x-, y-, or z- ‘components

of F. The length of a vector, |F|, expressed in terms of its components, is easily found by using
Pythagoras theorem:

|F| =F=,F2+ F2+F7. (2

In spherical coordinates, the F
three numbers are the length F
of the vector, the angle @ that it F
makes with the z-axis and the % F,

angle ¢ that its projection onto y
the x-y plane makes with the ’ '
x-axis (see Fig. 1).

e cn vastae fom T F
one coordinagte system to
another.  To translate from / F
spherical into Cartesian Fig. 1

coordinates, we must represent g

To distinguish it from a scalar, a vector is, in print, usually represented by a boldface letters, in our
example F. The length or magnitude of the same vector is, then, represented by the same letter in
lightface, F.
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the Cartesian components in terms of spherical coordinates:
F, = F sinfcosp F, =Fsingsing F, =Fcosd (©)]

Other examples of physical vectors, other than force, include velocity, momentum, acceleration,
as well as their corresponding angular siblings, angular velocity, angular momentum, angular
acceleration, and torque.

VECTOR ALGEBRA

The mathematical field of vector algebra has
been developed to allow for computation of vector
guantities. Vectors can be added graphically in the B (moved)
manner shown in Fig. 2. The vector B is shifted
without changing its direction until its ‘tail’ abuts the
tip of vector A. The ‘sum vector’ or the ‘vector sum’ A
A + B is the vector extending from the tail of the
vector A to the tip of the shifted vector B.

A+B

B

Algebraically two vectors are added by adding  Fig. 2. Addition of two vectors A
their components. Therefore if A,, Ay, and A; arethe  and B in the plane, i.e. in two dimen-
components of a vector A and By, By, and B, arethe  sjons,
components of a vector B, then the sum vector will be
given by adding their components:

(A+B),=A+B,,(A+B), =A +B,,and (A+B), =A, +B, (4)
Put a different way,
A+B=(A.A,A)*(B,,B,,B,)=(A+B,,A +B, A +B,) ©)

Similarly the difference of two vectors, A - B, istaken graphically by inverting the direction of B
and then proceeding as in Fig. 2. Algebraically the difference of two vectors is taken by taking
the difference of the components, i.e.

A-B=(A.AA)- (BB, B,)=(A-B.,A -B,,A -B,) (6)

As s often the case in mathematics, using a notation that fits the problem will help things
along. Vectors are often written in a different form:

h
A=A, (7)
A,

(I |
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In this notation, the sum of two vectors A and B ssimply becomes

apdalinicdnis ARl

A+B=[A [+ B, [=A +B,0 (8)
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Given two vectors A and B that form an angle 0as the product is defined as
A B = ABCos6 9

This product is called the dot product or scalar product. It is particularly easy to calculate using
the notation of Eq. 7,

ADB=§EIIB:D=AXBX+'%By+AZBZ, (10)

A .0

i.e. one simply writes the two vectors side by side, multiplies the numbers in each line and adds
up al the products. The result is a single number, a scalar, hence the name. The scalar product
is distinguished from the cross product, which we shall not discuss here in detail. We just
mention in passing that the cross product of two vectors is another vector whose length is given

by

|AxB|= ABsing,, (12)

and whose orientation is orthogonal to both the vector A and the vector B. An example of the
cross product is the torque vector

T=rxF (12



E-4



