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7KLV FKDSWHU LV LQWHQGHG DV D EULHI UHYLHZ RI NH\

LGHDV DQG WHFKQLTXHV RI LQWHJUDO DQG GLIIHUHQWLDO

FDOFXOXV� YHFWRU DQDO\VLV LQ &DUWHVLDQ ��GLPHQ�

VLRQDO VSDFH� DQG WKHPDWKHPDWLFDO WKHRU\ RI SURE�

DELOLW\�

!� BUfYUg _V DbYW_^_]Udbi

7KH SDUWV RI WULJRQRPHWU\ ZH QHHG DUH EDVHG RQ

WKH /DZ RI 3\WKDJRUDV DQG DOJHEUD� &RQVLGHU D

ULJKW WULDQJOH� DV VKRZQ EHORZ�

7KH 3\WKDJRUHDQ 7KHRUHP VWDWHV ´WKH VTXDUH RI

WKH K\SRWHQXVH RI D ULJKW WULDQJOH HTXDOV WKH VXP

RI WKH VTXDUHV RI WKH VLGHVµ� ,Q V\PEROV�

+
� = $

� + 2
�

7KLV JHRPHWULFDO IDFW OHDGV WR WKH IDPRXV WULJRQR�

PHWULF LGHQWLWLHV� :H GHILQH WKH IROORZLQJ IXQF�

WLRQV RI WKH DQJOH θ VKRZQ LQ WKH )LJXUH�

VLQθ = 2

+
FRVθ = $

+

WDQθ =
2

$
FRWθ =

$

2

7KHVH WULJRQRPHWULF IXQFWLRQV DUH SXUH QXPEHUV�

EHFDXVH WKH\ DUH WKH UDWLR RI WZR OHQJWKV� 7KDW LV�

WKH\ KDYH QR XQLWV DVVRFLDWHG ZLWK WKHP� ,I ZH

GLYLGH WKH 3\WKDJRUHDQ 7KHRUHP RQ ERWK VLGHV E\

+�� ZH ILQG

+�

+�
= � = $�

+�
+ 2�

+�

= 



$

+





�

+ 



2

+





�

= FRV
�θ + VLQ�θ

7KDW LV� IRU DQ\ DQJOH�

FRV�θ + VLQ
�θ = � �

1H[W ZH VHH WKDW� E\ GHILQLWLRQ�

FRWθ = �

WDQθ
�

1H[W ZH UHFDOO WKH GLIIHUHQW ZD\V RI ZULWLQJ DQJOHV�

,W LV FRPPRQ WR GLYLGH D FRPSOHWH FLUFOH LQWR ���

GHJUHHV� (DFK GHJUHH LV IXUWKHU VXEGLYLGHG LQWR ��

PLQXWHV RI DUF� DQG HDFK PLQXWH LQWR �� VHFRQGV RI

DUF� 7KDW LV� D GHJUHH KDV ���� VHFRQGV RI DUF� 7KH

RWKHU FRPPRQ ZD\ RI ZULWLQJ DQJOHV LV EDVHG RQ

FLUFOHV� ,I D FLUFOH KDV UDGLXV 5� WKHQ WKH DUF VXE�

WHQGHG EHWZHHQ WZR UDGLDO OLQHV� DV VKRZQ EHORZ�
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KDV OHQJWK 5θ E\ GHILQLWLRQ� 6R D FRPSOHWH FLUFOH
FRUUHVSRQGV WR DQ DQJOH RI �πUDGLDQV�

7ULJRQRPHWU\ DOVR JLYHV XV IRUPXODV IRU DGGLQJ

DQJOHV�

VLQ(θ + ϕ) ≡ VLQθ FRVϕ + FRVθ VLQϕ

FRV(θ + ϕ) ≡ FRVθ FRVϕ − VLQθ VLQϕ
)URP WKHVH ZH FDQ GHULYH DOO WKH VWDQGDUG IRUPX�

ODV³IRU H[DPSOH� OHW ϕ = θ � WKHQ

VLQ�θ ≡ �VLQθ FRVθ

FRV�θ ≡ FRV�θ − VLQ�θ

= �FRV�θ − �

= � − �VLQ�θ �
7KH ODWWHU WZR UHODWLRQV OHDG WR KDOI�DQJOH IRUPXODV�

/HW �θ = ϕ� WKHQ θ = ϕ
�
DQG ZH ILQG�

FRV




ϕ
�





= ±



�+FRVϕ
�





�⁄�

VLQ




ϕ
�





= ±



�−FRVϕ
�





�⁄�

�

"� 1bUQc Q^T F_\e]Uc

CCXQ`UXQ`U 66__bb]e\]e\QQ

FLUFOH $UHD = π5�

VSKHUH $UHD = �π5�

VSKHUH
9RO = �π

�
5�

S\UDPLG

�RU FRQH�
9RO =

�

�
$ × +� ZKHUH

$ EDVH DUHD� + KHLJKW

#� 9^dUWbQdY_^

7KH GHILQLWH LQWHJUDO ∫ I([) G[
D

E

LV WKH DUHD EH�

WZHHQ WKH JUDSK RI WKH IXQFWLRQ DQG WKH [�D[LV DV

VKRZQ EHORZ�

:H HVWLPDWH WKH LQWHJUDO E\ EUHDNLQJ XS WKH DUHD

LQWR QDUURZ UHFWDQJOHV RI ZLGWK Z WKDW DSSUR[L�

PDWH WKH KHLJKW RI WKH FXUYH DW WKDW SRLQW DQG WKHQ

DGGLQJ WKH DUHDV RI WKH UHFWDQJOHV
�
� )RU UHFWDQJOHV

RI QRQ�]HUR ZLGWK WKH PHWKRG JLYHV DQ DSSUR[LPD�

WLRQ� ,I ZH FDOFXODWH ZLWK UHFWDQJOHV WKDW FRQVLV�

WHQWO\ SURWUXGH DERYH WKH FXUYH �DVVXPH IRU

VLPSOLFLW\ WKH FXUYH OLHV DERYH WKH [�D[LV�� DQGZLWK

UHFWDQJOHV WKDW FRQVLVWHQWO\ OLH EHORZ WKH FXUYH� ZH

FDSWXUH WKH H[DFW DUHD EHWZHHQ WZR DSSUR[LPD�

WLRQV� :H VD\ WKDW ZH KDYH ERXQGHG WKH LQWHJUDO

DERYH DQG EHORZ� ,Q PDWKHPDWLFDO ODQJXDJH�

Z ∑
Q=�

(E−D) ⁄Z

PLQ  I(D + QZ)� I(D + QZ + Z)

≤ ∫
D

E

I([) G[

≤ Z ∑
Q=�

(E−D) ⁄Z

PD[  I(D + QZ)� I(D + QZ+ Z) �

x

y
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�� ,I D UHFWDQJOH OLHV EHORZ WKH KRUL]RQWDO D[LV� LWV DUHD LV FRQVLGHUHG WR EH QHJDWLYH�



,W LV HDV\ WR VHH WKDW HDFK UHFWDQJOH LQ WKH XSSHU

ERXQG LV DERXW Z_I ′([)_WRR KLJK� RQ DYHUDJH�

KHQFH RYHUHVWLPDWHV WKH DUHD E\ DERXW

�

�
Z
�_I ′([)_� 7KHUH DUH �E²D��Z VXFK UHFWDQJOHV� VR

LI _I ′([)_ UHPDLQV ILQLWH RYHU WKH LQWHUYDO >D� E@ WKH

WRWDO GLVFUHSDQF\ ZLOO EH VPDOOHU WKDQ

�

�
Z (E − D) PD[

D ≤ [ ≤ E

_I ′([)_ �

6LPLODUO\� WKH ORZHU ERXQG ZLOO EH ORZ E\ DERXW WKH

VDPH DPRXQW� 7KLV PHDQV WKDW LI ZH KDOYH Z �E\

WDNLQJ WZLFH DV PDQ\ SRLQWV�� WKH DFFXUDF\ RI WKH

DSSUR[LPDWLRQ ZLOO GRXEOH� 7KH PDWKHPDWLFDO

GHILQLWLRQ RI ∫
D

E

I([) G[ LV WKH QXPEHU ZH JHW E\

WDNLQJ WKH OLPLW DV WKH ZLGWK Z RI WKH UHFWDQJOHV

EHFRPHV DUELWUDULO\ VPDOO� :H NQRZ WKDW VXFK D

OLPLW H[LVWV EHFDXVH WKH DFWXDO DUHD KDV EHHQ FDS�

WXUHG EHWZHHQ ORZHU DQG XSSHU ERXQGV WKDW VKULQN

WRJHWKHU DV ZH WDNH PRUH SRLQWV�

$V D KLVWRULFDO�FXOWXUDO QRWH� WKH QRWDWLRQ IRU DQ

LQWHJUDO LQYROYHV WKH LQWHJUDO VLJQ ∫ LWVHOI DQG D

IDFWRU G[� 7KH G[ UHPLQGV XV ILUVW� ZKLFK YDULDEOH

ZH DUH LQWHJUDWLQJZLWK UHVSHFW WR� DQG VHFRQG� WKDW

ZH DUH VXPPLQJ XS UHFWDQJOHV RI KHLJKW I([) DQG
ZLGWK ∆[� 7KH LQWHJUDO VLJQ ∫ LV DFWXDOO\ DQ HORQ�

JDWHG OHWWHU 6� VWDQGLQJ IRU ´VXPµ� WR UHPLQG XV WKDW

LQWHJUDWLRQ FRQVLVWV RI DGGLQJ WKH DUHDV RI D ODUJH

QXPEHU RI UHFWDQJOHV�

$� 4YVVUbU^dYQdY_^

7KH GHULYDWLYH RI D IXQFWLRQ LV GHILQHG E\ D OLPLWLQJ

SURFHVV� $VVXPLQJ LW H[LVWV� ZH FDOO WKH GHULYDWLYH

RI D IXQFWLRQ WKH OLPLW

I ′([) =
GI

OLP
∆[ → �





I([ + ∆[) − I([)
∆[




�

7KH QRWDWLRQ I ′([) LV ,VDDF 1HZWRQ·V�� /HLEQL]� WKH

FR�LQYHQWRU RI FDOFXOXV� XVHG WKH QRWDWLRQ
GI

G[
WR

UHPLQG XV RI WKH XQGHUO\LQJ OLPLWLQJ SURFHVV�

,W LV HDV\ WR XVH WKH GHILQLWLRQ RI D GHULYDWLYH WR

GHULYH UXOHV IRU GLIIHUHQWLDWLQJ FHUWDLQ NLQGV RI

IXQFWLRQV³IRU H[DPSOH WKH SURGXFW UXOH

G

G[
 I([) J([) = I([) GJ([)

G[
+ GI([)

G[
J([) �

DQG WKH FKDLQ UXOH

G

G[
I  J([) = I ′  J([) J ′([) �

+HUH DUH VRPH FRPPRQ GHULYDWLYHV WKDW WKH VWX�

GHQW VKRXOG NQRZ ZLWKRXW KDYLQJ WR ORRN XS

DQR\U _V VYbcd TUbYfQdYfUc

Ve^SdY_^ TUbYfQdYfU

[α α [α − �

VLQ [ FRV [

FRV [ − VLQ [

H[ H[

D[ D[ ORJ D

ORJ [ [−�
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�� I ′�[� LV WKH VORSH RI WKH OLQH WDQJHQW WR WKH FXUYH DW WKH SRLQW [� ,W LV FDOOHG WKH ILUVW GHULYDWLYH RI I�[�� 6HH
WKH GHILQLWLRQ LQ �� EHORZ�

�� 1HZWRQ LV RQH RI WZR PDWKHPDWLFLDQV FUHGLWHG ZLWK WKH LQYHQWLRQ RI WKH FDOFXOXV³WKH RWKHU LV *RWWIULHG
/HLEQL]� 6LQFH WKH FDOFXOXV ZDV LQYHQWHG �LQGHSHQGHQWO\� E\ WKHP LQ WKH ODWH ��WK &HQWXU\� LW LV WRGD\
PRUH WKDQ ��� \HDUV ROG DQG WKHUHIRUH VXIILFLHQWO\ YHQHUDEOH WR FRXQW DV D FODVVLF GLVFLSOLQH� OLNH /DWLQ�
*UHHN RU :HVWHUQ OLWHUDWXUH�



DQR\U _V VYbcd TUbYfQdYfUc

Ve^SdY_^ TUbYfQdYfU

WDQ [ VHF� [

VLQ−� [ 
� − [�

−�⁄�

FRV−�([) − � − [�
−�⁄�

WDQ−�([) 
� + [�

−�⁄�

%� DXU Ve^TQ]U^dQ\ dXU_bU] _V SQ\Se\ec

6XSSRVH ZH WKLQN RI ∫
D

E

I([) G[ DV D IXQFWLRQ³FDOO

LW )(E)³RI WKH XSSHU OLPLW� E� :KDW ZRXOG KDSSHQ

LI ZH FRPSDUHG WKH DUHD )(E) ZLWK WKH DUHD

)(E + ∆E) ":H VHH WKDW WKH GLIIHUHQFH EHWZHHQ WKH

WZR LV �IRU VPDOO ∆E� LV

∆)(E) = )(E + ∆E) − )(E)

≈ I(E) ∆E + 2 
 (∆E)� �

VR WKDW

G)(E)
GE

= OLP
∆E→�

�

∆E




∫ G[
D

E+∆E

− ∫ I([) G[
D

E 



→ I(E) �

7KLV LV D IDQF\ ZD\ WR VD\ WKDW LQWHJUDWLRQ DQG

GLIIHUHQWLDWLRQ DUH LQYHUVH RSHUDWLRQV� LQ WKH VDPH

VHQVH DV PXOWLSOLFDWLRQ DQG GLYLVLRQ� RU DGGLWLRQ

DQG VXEWUDFWLRQ� ,W LV XVXDO WR ZULWH WKH SULPLWLYH

LQWHJUDO� RU SULPLWLYH RI D IXQFWLRQ DV

)([) =
GI

∫
[

I([′) G[′ �

�+HUH ZH KDYH ZULWWHQ WKH YDULDEOH RI LQWHJUDWLRQ

DV [′ WR GLVWLQJXLVK LW IURP WKH XSSHU OLPLW³WKHUH

LV D JRRG GHDO RI VORSS\QHVV DERXW WKLV LQ PDWKH�

PDWLFDO OLWHUDWXUH� WKH XSSHU OLPLW DQG YDULDEOH RI

LQWHJUDWLRQ RIWHQ EHLQJ GHQRWHG E\ WKH VDPH OHW�

WHU��

&� 6e^SdY_^c _V cUfUbQ\ fQbYQR\Uc

,Q SK\VLFDO DSSOLFDWLRQV ZH PXVW RIWHQ GHDO ZLWK

TXDQWLWLHV WKDW GHSHQG RQ VHYHUDO LQGHSHQGHQW

YDULDEOHV� )RU H[DPSOH� WKH WHPSHUDWXUH FDQ GLIIHU

IURP RQH SODFH WR WKH QH[W� DV ZHOO DV YDU\LQJ LQ

WLPH
�
�

&RQVLGHU D IXQFWLRQ T([� W) GHSHQGLQJ RQ ERWK

SRVLWLRQ [ �LQ RQH VSDFH GLPHQVLRQ� IRU VLPSOLFLW\�

DQG WLPH W� :H PLJKW EH LQWHUHVWHG LQ KRZ LW YDULHV

LI³VD\³WLPH LQFUHDVHV E\ D VPDOO DPRXQW ZKLOH

ZH KROG WKH SRVLWLRQ FRQVWDQW� RU FRQYHUVHO\ ZH

PLJKW ZDQW WR NQRZ KRZ LW YDULHV IURP RQH SRVL�

WLRQ WR DQ DGMDFHQW RQH DW D JLYHQPRPHQW RI WLPH�

7KLV LQWURGXFHV WKH QRWLRQ RI SDUWLDO GHULYDWLYHV�

GHILQHG E\

∂T
∂W

=
GI

OLP
∆W → �





T([� W + ∆W) − T([� W)
∆W





DQG

∂T
∂[

=
GI

OLP
∆[ → �





T([ + ∆[� W) − T([� W)
∆[




�

7KDW LV� SDUWLDO GHULYDWLYHV DUH FRPSXWHG MXVW OLNH

RUGLQDU\ GHULYDWLYHV H[FHSW ZH SUHWHQG WKH RWKHU

YDULDEOH �WKDW ZH DUH QRW GLIIHUHQWLDWLQJ ZLWK UH�

VSHFW WR� LV MXVW D FRQVWDQW� WKH FXUO\ G �∂ � UHPLQGV

XV RI WKLV� $Q H[DPSOH PLJKW EH

T([� W) = ����[
α
FRV W

IRU ZKLFK WKH SDUWLDO GHULYDWLYHV DUH

$ 3_]`edQdY_^Q\ =UdX_Tc _V @XicYSc @8IC %%!
DXU Ve^TQ]U^dQ\ dXU_bU] _V SQ\Se\ec

�� $Q\RQH ZKR KDV HYHU DGGHG KRW �RU FROG�� ZDWHU ZKLOH WDNLQJ D EDWK FDQ YHULI\ WKLV IURP SHUVRQDO
H[SHULHQFH�



∂T
∂W

= −����[α
VLQ W

∂T
∂[

= ����α [
α − �

FRV W �

$ VRPHZKDW PRUH FRPSOH[ H[DPSOH LV

T([� W) = H
−�[� ⁄ W

IRU ZKLFK

∂T
∂W

= �[
�

W
�

H
−�[� ⁄ W

∂T
∂[

=
−�[
W

H
−�[� ⁄ W

�

$ TXHVWLRQ WKDW DULVHV IUHTXHQWO\ ZKHQFRQVLGHULQJ

IXQFWLRQV RI VHYHUDO YDULDEOHV LV ´GLIIHUHQWLDWLQJ

XQGHU WKH LQWHJUDO VLJQµ� 7KDW LV� VXSSRVH ZH GHILQH

D IXQFWLRQ

4(W) = ∫
D

E

T([� W) G[ �

,V LW OHJLWLPDWH WR FRPSXWH WKH GHULYDWLYH ZLWK

UHVSHFW WR W E\ LQWHUFKDQJLQJ WKH RUGHU RI GLIIHUHQ�

WLDWLRQ DQG LQWHJUDWLRQ" 2U� SXW DQRWKHU ZD\� FDQ

ZH QDLYHO\ ZULWH

G

GW
4(W) = OLP

∆W → �





4(W + ∆W) − 4(W)
∆W





= ∫
D

E

OLP
∆W → �





T([� W + ∆W) − T([� W)
∆W




G[

= ∫ ∂T([� W)
∂W

G[
D

E

ZLWK DQ\ SRVVLELOLW\ RI JHWWLQJ WKH VDPH UHVXOW ERWK

ZD\V" 7KH DQVZHU WR WKLV UKHWRULFDO TXHVWLRQ LV

´<HV� LI WKH IXQFWLRQ T([� W) LV VXIILFLHQWO\ ZHOO EH�

KDYHG�µ

0DWKHPDWLFLDQV GHULYH XQKRO\ JOHH IURP ILQGLQJ

KRUULEOH IXQFWLRQV WKDW VHUYH DV FRXQWHU�H[DPSOHV

WR DQ\ JLYHQ SURSRVLWLRQ� %HFDXVH GLIIHUHQWLDWLQJ

XQGHU DQ LQWHJUDO VLJQ UHTXLUHV LQWHUFKDQJLQJ WKH

RUGHU RI SHUIRUPLQJ WZR OLPLWLQJ SURFHVVHV� LW LV

YLUWXDOO\ JXDUDQWHHG WKDW WKHUH H[LVW VRPH IXQF�

WLRQV IRU ZKLFK VXFK LQWHUFKDQJH ZLOO \LHOG IDOVH

UHVXOWV� +RZHYHU ZH GR QRW SHUPLW VXFK IXQFWLRQV

LQ WKH EUDQFK RI PDWKHPDWLFV XVHG WR GHVFULEH

SK\VLFDO SURFHVVHV� 7KDW LV� IRU WKH SXUSRVHV RI WKLV

FRXUVH ZH PD\ DVVXPH WKDW DQ\ IXQFWLRQ ZH VKDOO

EH LQWHUHVWHG LQ KDV WKH QHFHVVDU\ SURSHUWLHV WR

JXDUDQWHH WKDW DQ\ RSHUDWLRQ LQYROYLQJ WKH LQWHU�

FKDQJH RI OLPLWLQJ SURFHVVHV ZLOO EH LQGHSHQGHQW

RI WKH RUGHU�

$QRWKHU FDVH RI WKLV VRUW LQYROYHV KLJKHU SDUWLDO

GHULYDWLYHV� ,W LV FOHDU ZKDW ZH PHDQ E\

∂�T([� W)
∂W�

RU
∂�T([� W)

∂[�
�

%XW ZKDW GRHV WKH PL[HG SDUWLDO GHULYDWLYH

∂�T([� W)
∂W ∂[

PHDQ� DQG LV LW WKH VDPH DV WKH PL[HG SDUWLDO

GHULYDWLYH

∂�T([� W)
∂[ ∂W

"

7KH SURFHVV QHHGHG WR JHW WKH ILUVW PL[HG GHULYD�

WLYH LV VLPSO\ WR FDOFXODWH WKH IXQFWLRQ

S([� W) = ∂T([� W)
∂[

DQG WKHQ WR FDOFXODWH
∂S
∂W

� 7R JHW WKH VHFRQG ZH

GLIIHUHQWLDWH LQ WKH RSSRVLWH RUGHU� $OWKRXJK WKHUH

FHUWDLQO\ H[LVW IXQFWLRQV IRU ZKLFK WKH RUGHUV FDQ�

QRW EH LQWHUFKDQJHG� DQ\ IXQFWLRQ ZH VKDOO HQ�

FRXQWHU LQ SK\VLFDO DSSOLFDWLRQV ZLOO SHUPLW

LQWHUFKDQJLQJ WKH RUGHU�

@8IC %%! 3_]`edQdY_^Q\ =UdX_Tc _V @XicYSc %
=QdXU]QdYSQ\ bUfYUg



'� ?bTY^Qbi TYVVUbU^dYQ\ UaeQdY_^c

:H DUH VRPHWLPHV FRQIURQWHG E\ HTXDWLRQV RI WKH

IRUP

G[

GW
= I([� W) �

6XFK DQ HTXDWLRQ LV FDOOHG DQ RUGLQDU\ GLIIHUHQWLDO

HTXDWLRQ �2'(� RI ILUVW RUGHU
�
�

7KH VLPSOHVW VXFK HTXDWLRQ KDV WKH IRUP

G[

GW
= I(W) �

ZKHUH I(W) LV D NQRZQ IXQFWLRQ RI W� 7KDW LV� WKH

XQNQRZQ IXQFWLRQ GRHV QRW DSSHDU RQ WKH ULJKW

VLGH� 6XFK HTXDWLRQV FDQ EH VROYHG E\ LQWHJUDWLQJ

ERWK VLGHV ZLWK UHVSHFW WR WKH LQGHSHQGHQW YDUL�

DEOH� W�

[(W) − [(D) = ∫ G[

GV
GV

D

W

= ∫ I(V) GV
D

W

�

7KH HTXDWLRQ

G[

GW
= I([� W)

FDQ VRPHWLPHV EH VROYHG ZLWK DQ LQWHJUDWLQJ IDFWRU�

LI ZH FDQ ILQG D IXQFWLRQ J([� W) ZKLFK� ZKHQ LW

PXOWLSOLHV ERWK VLGHV

J([� W) G[

GW
= J([� W) I([� W)

FRQYHUWV ERWK VLGHV WR SHUIHFW GHULYDWLYHV �RI RWKHU

IXQFWLRQV� WKHQ ZH KDYH UHGXFHG WKH SUREOHP WR

RQH RI SHUIRUPLQJ VRPH LQWHJUDOV�

7KH OLQHDU2'( RI ILUVW RUGHU FDQ DOZD\V EH VROYHG

E\ DQ LQWHJUDWLQJ IDFWRU� :ULWLQJ LW LQ WKH IRUP

G[

GW
+ [ I(W) = J(W)

ZKHUH I(W) DQG J(W) DUH NQRZQ IXQFWLRQV� ZH VHH WKDW
WKH IDFWRU

)(W) = H[S



 ∫ I(V) GV

W 



WXUQV WKH OHIW VLGH LQWR D SHUIHFW GHULYDWLYH DQG WKH

ULJKW VLGH LQWR D NQRZQ IXQFWLRQ�

)(W) 



G[

GW
+ [ I(W)


≡ G

GW
[ )(W) = )(W) J(W) �

7KH VROXWLRQ WKHUHIRUH KDV WKH IRUP

[(W) )(W) = FRQVWDQW + ∫ )(V) J(V) GV
W

�

6LQFH )(W) LV QHYHU ]HUR ZH FDQ DOZD\V VROYH WKH

DERYH IRU[(W)� DGMXVWLQJ WKH FRQVWDQW RI LQWHJUDWLRQ
WR PDWFK DQ LQLWLDO YDOXH�

)LQDOO\� VRPH HTXDWLRQV DUH VHSDUDEOH� WKH\ KDYH

WKH IRUP

G[

GW
= $([) %(W)

ZKHUH $ DQG % DUH NQRZQ IXQFWLRQV� VR ZH FDQ

UHZULWH WKHP DV

G[

$([)
= %(W) GW

DQG LQWHJUDWH ERWK VLGHV �ZLWK UHVSHFW WR WKHLU

UHVSHFWLYH YDULDEOHV�� +HUH LV DQ H[DPSOH WKDW

DULVHV LQ WKH GHVFULSWLRQ RI DQ REMHFW ZLWK DLU UHVLV�

WDQFH PRYLQJ YHUWLFDOO\ LQ D JUDYLWDWLRQDO ILHOG�

Y
GY

G\
= −J ± Γ Y

�
�

7KH VLJQ GHSHQGV RQ ZKHWKHU WKH REMHFW LV ULVLQJ

�–� RU IDOOLQJ ���� +HQFH

Y GY

J +
__

Γ Y
�

= −G\

& 3_]`edQdY_^Q\ =UdX_Tc _V @XicYSc @8IC %%!
?bTY^Qbi TYVVUbU^dYQ\ UaeQdY_^c

�� :KDW PDNHV LW ÍLUVW RUGHUµ LV WKH IDFW WKDW WKH KLJKHVW GHULYDWLYH RI WKH XQNQRZQ IXQFWLRQ WKDW DSSHDUV LQ
LW LV WKH ILUVW GHULYDWLYH�



RU

\ = \� − �

�
∫ GX

J +
__

ΓX
Y
�

�

Y
�

ZKHUH ZH KDYH FKDQJHG WKH YDULDEOH RI LQWHJUDWLRQ

WR X = Y�� DQGZKHUH \� LV D FRQVWDQW RI WKHPRWLRQ

ZLWK DQ REYLRXV PHDQLQJ� 7KH UHPDLQLQJ LQWHJUDO

ZLOO EH UHFRJQL]HG IURP WKH WDEOH RI GHULYDWLYHV DV

WKH IXQFWLRQ

∫ GX

J +
__

ΓX

X

= �

Γ
OQ J +

__
ΓX �

VR WKDW WKH IXOO VROXWLRQ EHFRPHV

\ = \
� − �

�Γ
OQ





J +
__

ΓY�

J +
__

ΓY�
�




�

:H QRZ ORRN DW VRPH VLPSOH VHFRQG�RUGHU GLIIHU�

HQWLDO HTXDWLRQV� 7KH ILUVW WKLQJ WR NQRZ LV WKDW LQ

JHQHUDO WKH\ DUH YHU\ KDUG� )RU H[DPSOH� WKH HTXD�

WLRQ
�

[
..

+ S(W) [
.

+ T(W) [ = I(W)

LV OLQHDU �WKH IXQFWLRQ [(W) DQG LWV GHULYDWLYHV DSSHDU
RQO\ WR ILUVW GHJUHH� EXW LWV VROXWLRQV FDQ EH FRP�

SOLFDWHG IXQFWLRQV� $ FRQVLGHUDEOH OLWHUDWXUH³GH�

ULYLQJ PDLQO\ IURP WKH ��WK DQG HDUO\ ��WK

&HQWXULHV³GLVFXVVHV VSHFLILF H[DPSOHV RI WKLV

HTXDWLRQ WKDW DULVH LQ SK\VLFV SUREOHPV� 7KLV OLW�

HUDWXUH LV VXPPDUL]HG LQ PDQ\ JRRG ERRNV RQ

PDWKHPDWLFDO PHWKRGV RI SK\VLFV
�
�

+HUH ZH VKDOO RQO\ FRQVLGHU WKUHH W\SHV RI VHFRQG

RUGHU 2'(V� 7KH ILUVW KDV FRQVWDQW FRHIILFLHQWV

�DOWKRXJK WKH GULYLQJ IXQFWLRQ I(W) � VRPHWLPHV

NQRZQ DV WKH LQKRPRJHQHRXV WHUP� QHHG QRW EH D

FRQVWDQW�� 6XSSRVH LW LV ]HUR� DQG S DQG T DUH

FRQVWDQWV� 7KHQ WKH IXQFWLRQ

[(W) = $ H
λW

VROYHV WKH HTXDWLRQ� DV ORQJ DV λ LV D URRW RI WKH

VHFXODU HTXDWLRQ

λ� + Sλ + T = � �

)RU H[DPSOH� WKH HTXDWLRQ IRU WKH YLVFRXV�GDPSHG

KDUPRQLF RVFLOODWRU KDV WKH IRUP
�

[
..

+ γ[
.

+ ω�
[ = � �

LWV VHFXODU HTXDWLRQ LV

λ� + γλ + ω� = �

ZLWK VROXWLRQV �KHUH L� = −��

λ = − γ
�

± LΩ = − γ
�

± L



ω� − γ�

�





�⁄�

�

7KLV LV OHVV KRUULILF WKDQ LW ORRNV³LW MXVW PHDQV WKH

VROXWLRQV KDYH WKH IRUP

[(W) = $FRVΩW + %VLQΩW H−γW ⁄ �

ZKHUH $ DQG % PXVW EH DGMXVWHG WR PDWFK WKH

LQLWLDO FRQGLWLRQV�

7KH VHFRQG W\SH RI VHFRQG�RUGHU HTXDWLRQ KDV WKH

IRUP

[
..

= I([) �

7KLV HTXDWLRQ FDQ DOZD\V EH LQWHJUDWHG RQFH E\

PHDQV RI WKH LQWHJUDWLQJ IDFWRU [
.
�

[
.
[
..

= [
.
I([) �

RU
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�� +HUH ZH KDYH DGRSWHG WKH ´GRWµ QRWDWLRQ RI 6LU ,VDDF 1HZWRQ� $ VLQJOH GRW RYHU D YDULDEOH GHQRWHV LWV ILUVW
GHULYDWLYH� WZR GRWV WKH VHFRQG GHULYDWLYH� HWF�

�� )RU H[DPSOH� -� 0DWKHZV DQG 5�/� :DONHU� 0DWKHPDWLFDO 0HWKRGV RI 3K\VLFV �:�$� %HQMDPLQ� ,QF�� 1HZ
<RUN� ��[[��

�� :H VKDOO EH XVLQJ WKLV HTXDWLRQ D ORW WR GHVFULEH WKH PRWLRQ RI OLPEV� %URZQLDQ PRWLRQ RI FKDUJHG SDUWLFOHV
LQ D PDJQHWLF ILHOG� RU WKH EHKDYLRU RI VHQVRU\ FLOLD LQ D IOXLG�



G

GW





[
.
�

�





=
G

GW ∫ I(V) GV

[(W)

�

,QWHJUDWLQJ ERWK VLGHV ZH KDYH

[
.
�

�
= ∫ I(V) GV

[(W)

+ FRQVWDQW �

7KLV HTXDWLRQ LV VHSDUDEOH� EXW WKH UHVXOW PD\ QRW

EH LQWHJUDEOH LQ FORVHG IRUP� )RU H[DPSOH� LI ZH

HVFKHZ WKH XVXDO OLQHDU DSSUR[LPDWLRQ IRU WKH

VLPSOH SHQGXOXP ZH REWDLQ

θ
..

+ ω�
VLQθ = �

JLYLQJ D ILUVW QWHJUDO

�

�
θ
.
� + ω� FRVθ = ( �

ZH FDQ VROYH IRU θ
.
(W) DQG VHSDUDWH WKH UHVXOWLQJ

HTXDWLRQ�

Gθ
GW

= ± 
�( − �ω�

FRVθ


�⁄�

RU

∫ GX 
( − ω� FRV X



−�⁄�
θ

= ± W √� �

7KH LQWHJUDO GHILQHV VRPHWKLQJ FDOOHG DQ HOOLSWLF

IXQFWLRQ� ZKLFK LV UDWKHU PRUH FRPSOLFDWHG WKDQ

ZH QHHG WR GHDO ZLWK KHUH�

)LQDOO\� VXSSRVH WKH VHFRQG RUGHU HTXDWLRQ LV UHDOO\

D ILUVW RUGHU RQH LQ GLVJXLVH� )RU H[DPSOH RXU ROG

IULHQG� WKH REMHFW IDOOLQJ IUHHO\� ZLWK DLU UHVLVWDQFH�

\
..

= −J +
__

Γ \
.
�

KDV WKLV IRUP LI ZH FKDQJH YDULDEOHV� /HW

Y = \
.
�

WKHQ

GY

GW
= −J +

__
ΓY�

ZKLFK LV VHSDUDEOH DQG FDQ EH LQWHJUDWHG RQFH�

+RZHYHU� WKH LQWHJUDO LQYROYHV WKH DUFWDQJHQW

IXQFWLRQ� ZKLFK FDQ EH UDWKHU XJO\ WR LQWHJUDWH

IXUWKHU� +HQFH ZH HPSOR\HG D WULFN� WKH FKDLQ UXOH

RI GLIIHUHQWLDWLRQ OHWV XV ZULWH

GY

GW
≡ GY

G\
⋅ G\
GW

≡ Y
GY

G\

ZKLFK LV KRZ ZH HOLPLQDWHG WKH WLPH YDULDEOH LQ

IDYRU RI WKH �YHUWLFDO� GLVWDQFH WUDYHOHG�

(� FUSd_bc

:H QRZ FRQVLGHU YHFWRUV LQ ��GLPHQVLRQDO

&DUWHVLDQ FRRUGLQDWH VSDFHV� 1RUPDOO\ ZH FKRRVH

WKUHH RUWKRJRQDO GLUHFWLRQV DQG ODEHO WKH FRRUGL�

QDWH D[HV [� \� ] � 7KH FRPPRQ ODEHOOLQJ LV ULJKW�

KDQGHG DV VKRZQ EHORZ �D OHIW�KDQGHG FRRUGLQDWH

V\VWHP ZRXOG EH RQH LQ ZKLFK WKH SRVLWLYH DQG

QHJDWLYH GLUHFWLRQV DORQJ DQ\ RQH D[LV ZHUH LQWHU�

FKDQJHG��

$ YHFWRU LV DQ RUGHUHG VHW RI WKUHH QXPEHUV UHSUH�

VHQWLQJ D SRLQW LQ WKH FRRUGLQDWH V\VWHP LQ WHUPV

RI GLVWDQFHV IURP WKH RULJLQ WDNHQ DORQJ WKH D[HV�

7KXV WKH YHFWRU

U
→ =

GI

([� \� ]) ≡ [ [A+ \ \
A+ ] ]A

UHSUHVHQWV D SRLQW D GLVWDQFH [ DORQJ WKH [�D[LV� D

GLVWDQFH \ DORQJ WKH \�D[LV� HWF�

:H FDQ PXOWLSO\ D YHFWRU E\ D FRQVWDQW�

λ U
→ =

GI

(λ[� λ\� λ]) �

WKXV WKH SUHFHGLQJ GHILQLWLRQ LQWURGXFHV DQ DOWHU�

QDWLYH QRWDWLRQ� LQ ZKLFK WKH YHFWRU LV UHSUHVHQWHG

DV WKH VXPRI WKUHH YHFWRUVSRLQWLQJ DORQJ WKH WKUHH

D[HV� 7KH VSHFLDO YHFWRU [A LV D XQLW YHFWRU� WKDW LV�

RQH ZKRVH OHQJWK LV �� DQG VLPLODUO\ IRU \A DQG ]
A�

:H FDQ DGG WZR YHFWRUV� LI

U
→ ≡ [ [A+ \ \

A+ ] ]A

DQG

( 3_]`edQdY_^Q\ =UdX_Tc _V @XicYSc @8IC %%!
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V
→ ≡ X [

A+ Y \
A+ Z ]

A�

WKHQ

U
→ + V

→ ≡ ([ + X) [A+ (\ + Y) \A+ (] + Z) ]A �

:H FDQ FRPELQH WZR YHFWRUV WR PDNH D VFDODU�

U
→⋅ V→ ≡ [X + \Y + ]Z �

7KLV LV FDOOHG WKH VFDODU SURGXFW� RU ´GRW SURGXFWµ

RI WZR YHFWRUV� ,WV JHRPHWULFDO PHDQLQJ LV WKH

FRVLQH RI WKH DQJOH EHWZHHQ WKH WZR YHFWRUV PXO�

WLSOLHG E\ WKH SURGXFW RI WKHLU OHQJWKV�

U
→⋅ V→ = _U

→
_ _V

→
_ FRV θ �

IURP WKLV LW LV FOHDU WKDW WKH GRW SURGXFW RI D YHFWRU

ZLWK LWVHOI LV MXVW WKH VTXDUH RI LWV OHQJWK�

U
→⋅ U→ = _U

→
_� ≡ [

� + \
� + ]

� �

)LQDOO\� LQ WKUHH GLPHQVLRQV LW LV SRVVLEOH WR GHILQH

D YHFWRU PXOWLSOLFDWLRQ RI WZR YHFWRUV�

U
→× V

→ ≡ (\Z − ]Y) [A+

+ (]X − [Z) \A+ ([Y − \X) ]A�

:H FDQ UHPHPEHU WKH SUHFLVH GHILQLWLRQ RI WKH

YHFWRU SURGXFW �VRPHWLPHV FDOOHG WKH ´FURVV�SURG�

XFWµ� XVLQJ HLWKHU RI WZR PQHPRQLF GHYLFHV� ILUVW�

ZH FDQ ZULWH WKH YHFWRU SURGXFW DV D GHWHUPLQDQW

ZKLFK FDQ EH HYDOXDWHG XVLQJ &UDPHU·V UXOH�

U
→× V

→ = GHW







[
A

[

X

\
A

\

Y

]
A

]

Z








= − V
→× U

→
�

$OWHUQDWLYHO\� QRWH WKDW WKH XQLW YHFWRUV KDYH WKH

YHFWRU SURGXFWV

[
A× \

A≡ ]
A

\
A× ]

A≡ [
A

]
A× [

A≡ \
A

�DOVR QRWH WKDW WKH YHFWRU SURGXFW RI DQ\ YHFWRU

ZLWK LWVHOI LV ]HUR EHFDXVH RI WKH DQWLV\PPHWU\��

$V ZH FDQ VHH IURP WKH UXOHV IRU XQLW YHFWRUV� WKH

FURVV SURGXFW RI WZR YHFWRUV LV D YHFWRU WKDW LV

SHUSHQGLFXODU WR WKH SODQH IRUPHG E\ WKH WZR

YHFWRUV EHLQJ PXOWLSOLHG� 7KH OHQJWK RI WKH SURG�

XFW YHFWRU LV JLYHQ E\

_ U
→× V

→
_ = _U

→
_ _V

→
_ VLQ θ

ZKHUH θ LV WKH DQJOH EHWZHHQ WKHP�

7KH YHFWRU SURGXFW LV QHHGHG WR H[SUHVV FRPSDFWO\

WKH IRUFH RQ DPRYLQJ FKDUJHG SDUWLFOH LQ DQ H[WHU�

QDO PDJQHWLF ILHOG �WKH /RUHQW] IRUFH��

)
→

= 4

F
Y
→× %

→
�

DQG WKHQFH WKH IRUFH RQ D FXUUHQW�FDUU\LQJ ZLUH LQ

D PDJQHWLF ILHOG �WKH SULQFLSOH RI WKH HOHFWULF PR�

WRU��

)� FUSd_b Q^Q\icYc

7KH ODVW WRSLF LQ WKLV SULPHU VXPPDUL]HV FHUWDLQ

RSHUDWLRQV LQYROYLQJ SDUWLDO GLIIHUHQWLDWLRQ DQG

PXOWLSOH LQWHJUDWLRQ� WKDW DULVH IUHTXHQWO\ LQ SK\VL�

FDO DSSOLFDWLRQV�

6XSSRVH ZH ZDQW WKH GLIIHUHQFH EHWZHHQ D IXQF�

WLRQ RI SRVLWLRQ DW D SRLQW U
→ = ([� \� ]) DQG D QHLJK�

ERULQJ SRLQW� ZKLFK ZH VKDOO FDOO

U
→ + GU

→ = ([ + G[� \ + G\� ] + G]) �

7KDW LV� ZH ZDQW WR FDOFXODWH

GΦ =
GI

Φ(U→+ GU
→) − Φ(U→)

= Φ([ + G[� \ + G\� ] + G]) − Φ([� \� ]) �
6LQFH HDFK RI WKH VPDOO GLIIHUHQFHV G[� G\� G] LV

LQGHSHQGHQW RI WKH RWKHU WZR� ZH VHH WKDW WR ILUVW

RUGHU LQ WKH GLIIHUHQFHV�

GΦ = ∂Φ
∂[

G[ + ∂Φ
∂\

G\ + ∂Φ
∂]

G] �
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=QdXU]QdYSQ\ bUfYUg



7KLV ORRNV OLNH D VFDODU SURGXFW RI WKH WZR YHFWRUV

GU
→ = (G[� G\� G]) = G[ [A+ G\ \A+ G] ]A

DQG

∇Φ = ∂Φ
∂[

[
A+ ∂Φ

∂\
\
A+ ∂Φ

∂]
]
A�

7KH ODWWHU LV FDOOHG WKH JUDGLHQW RI Φ�

7KXV ZH ZULWH WKH FKDQJH LQ Φ FRPSDFWO\ DV

GΦ = ∇Φ ⋅ GU→ �

$QRWKHU W\SH RI SDUWLDO GHULYDWLYH WKDW DULVHV IUH�

TXHQWO\ LV WKH GLYHUJHQFH RI D YHFWRU� 7KDW LV� VXS�

SRVH ZH KDYH D YHFWRU� HDFK RI ZKRVH FRPSRQHQWV

LV D IXQFWLRQ RI SRVLWLRQ� �6XFK D YHFWRU LV FDOOHG D

YHFWRU ILHOG�� $Q H[DPSOH PLJKW EH DQ HOHFWULF ILHOG

RU DPDJQHWLF ILHOG³HLWKHU FDQ EH H[SHFWHG WR YDU\

IURP SRLQW WR SRLQW ERWK LQ PDJQLWXGH DQG GLUHF�

WLRQ� $ YHFWRU ILHOG WKDW LV SDUWLFXODUO\ LQWHUHVWLQJ

LQ WKLV FRXUVH LV WKH IOX[ RI D PRYLQJ IOXLG� ,I WKH

IOXLG KDV D QXPEHU�GHQVLW\ Q([� \� ]� W) DQG D ORFDO

YHORFLW\ YHFWRU Y
→

LWV IOX[ YHFWRU �RU FXUUHQW GHQ�

VLW\� LV GHILQHG WR EH

M
→

=
GI

Q Y
→
�

7KLV KDV WKH SK\VLFDO PHDQLQJ RI WKH QXPEHU RI

SDUWLFOHV IORZLQJ DFURVV D XQLW DUHD SHUSHQGLFXODU

WR WKH IOX[ YHFWRU� SHU XQLW WLPH�

6XSSRVH ZH FDOFXODWH WKH QHW RXWIORZ IURP DQ

LQILQLWHVLPDO YROXPH VXFK DV WKDW VKRZQ EHORZ� %\

FRQYHQWLRQ ZH HUHFW XQLW YHFWRUV

X
A
�
� … � XA

�

SHUSHQGLFXODU WR HDFK IDFH RI WKH SDUDOOHORSLSHG�

SRLQWLQJ RXWZDUG IURP WKHLU UHVSHFWLYH IDFHV� WKH

QHW RXWIORZ LV WKHQ

−
G1

GW
= ∑

N=�

�

M
→
(N) ⋅ XAN G6N

ZKHUH WKH DUHD RI WKH N·WK IDFH LV G6N DQG M
→
(N) LV WKH

YDOXH RI M
→
DW WKDW IDFH� ,I ZH ZRUN RXW WKH GHWDLOV

ZH ILQG WKDW WKH QHW RXWIORZ LV SURSRUWLRQDO WR

VRPHWKLQJ FDOOHG WKH GLYHUJHQFH RI M
→
�

GLY M
→

≡ ∇ ⋅ M
→

=
GI ∂

∂[
M[ + ∂

∂\
M\ + ∂

∂]
M] �

7KH UHDVRQ LW LV RIWHQ ZULWWHQ LQ WKH IRUP ∇ ⋅ M
→
LV

PQHPRQLF� LI ZH WKLQN RI WKH V\PERO ∇ DV D YHFWRU

LQ LWV RZQ ULJKW�

∇ = ∂
∂[ [

A+ ∂
∂\

\
A+ ∂

∂]
]
A�

DQG IRUJHW IRU WKH PRPHQW WKDW LWV ´FRPSRQHQWVµ

DUH RSHUDWLRQV UDWKHU WKDQ QXPEHUV� WKHQ WKH ´GRW

SURGXFWµ RI WKDW YHFWRU ZLWK D YHFWRU ILHOG LV MXVW

WKH VXP RI WKH ´SURGXFWVµ RI WKH FRUUHVSRQGLQJ

FRPSRQHQWV RI WKH WZR YHFWRUV� $W WKLV SRLQW ZH

UHFDOO WKDW WKH FRPSRQHQWV RI ∇ DUH RSHUDWRUV RI

GLIIHUHQWLDWLRQ� VR ZKHQ WKH\ ´PXOWLSO\µ WKH FRUUH�

VSRQGLQJ FRPSRQHQWV RI WKH YHFWRU ILHOG� ZH PXVW

XQGHUVWDQG WKLV DV DQ LQVWUXFWLRQ WR FDUU\ RXW WKH

GLIIHUHQWLDWLRQ�

$Q RSHUDWLRQ WKDW DULVHV VR RIWHQ LW LV JLYHQ LWV RZQ

QDPH LV WR WDNH WKH GLYHUJHQFH RI D YHFWRU ILHOG WKDW

LV LWVHOI WKH JUDGLHQW RI D VFDODU IXQFWLRQ� IRU H[DP�

SOH� LQ HOHFWURVWDWLFV ZH ZULWH

∇ ⋅ (
→

= �π ρ �RQH RI 0D[ZHOO·V HTXDWLRQV�

ZKHUH

(
→

= −∇ Φ �
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&RPELQLQJ WKHVH ZH KDYH WKH 3RLVVRQ HTXDWLRQ

�DOVR FDOOHG WKH LQKRPRJHQHRXV /DSODFH HTXDWLRQ�

GLY (∇ Φ) ≡ ∇ ⋅ (∇ Φ) = −�π ρ �

:RUNLQJ RXW WKH GHWDLOV ZH VHH WKDW

∇ ⋅ (∇ Φ) = ∂�Φ
∂[�

+ ∂�Φ
∂\�

+ ∂�Φ
∂]�

VR ZH GHILQH WKH /DSODFLDQ RSHUDWRU�

∇ � ≡ ∇ ⋅ ∇ =
GI ∂�

∂[�
+ ∂�

∂\�
+ ∂�

∂]�
�

,W FDQ EH HQRUPRXVO\ FRQYHQLHQW WR WUHDW PDWKH�

PDWLFDO RSHUDWLRQV DV DEVWUDFW HQWLWLHV WKDW FDQ EH

VHSDUDWHG IURP WKH WKLQJV WKH\ DUH RSHUDWLQJ RQ

DQG DGGHG� PXOWLSOLHG DQG VR IRUWK DFFRUGLQJ WR

DSSURSULDWH UXOHV� 7KLV DSSURDFK ZDV LQWURGXFHG

�DORQJ ZLWK WKH YHFWRU QRWDWLRQ� E\ WKH EULOOLDQWO\

HFFHQWULF (QJOLVK SK\VLFLVW 2OLYHU +HDYLVLGH

������������ ,W LV QRZ VR XQLYHUVDOO\ XVHG WKDW IHZ

UHFDOO WKH RULJLQ RI WKHVH LGHDV�

7R VHH KRZ YDOXDEOH WKH RSHUDWLRQDO FDOFXOXV FDQ

EH� ZH QRZ GHULYH *UHHQ·V WKHRUHP
�
LQ MXVW D

FRXSOH RI OLQHV� ,Q VROYLQJ FHUWDLQ SDUWLDO GLIIHUHQ�

WLDO HTXDWLRQV DULVLQJ LQ HOHFWURPDJQHWLF WKHRU\�

DFRXVWLFV RU TXDQWXP PHFKDQLFV� ZH FRQVWUXFW D

IXQFWLRQ RI WKH IRUP

* = Φ ∇ � Ψ − Ψ∇ � Φ �

1RZ LW LV HDV\ WR VKRZ �EDVLFDOO\ E\ WKH SURGXFW

UXOH RI GLIIHUHQWLDWLRQ� WKDW

* ≡ ∇ ⋅  Φ ∇ Ψ − Ψ ∇ Φ �

7KXV LI ZH LQWHJUDWH* RYHU VRPH YROXPH� WKHQ E\

*DXVV·V WKHRUHPZH FDQ FRQYHUW WKH LQWHJUDO WR RQH

RYHU D VXUIDFH VXUURXQGLQJ WKDW YROXPH� ,Q RWKHU

ZRUGV�

∫∫∫
9

* G9 = ∫∫∫
9

∇ ⋅   Φ ∇ Ψ − Ψ ∇ Φ G9

= ∫∫
6

Φ ∇ Ψ − Ψ ∇ Φ  ⋅ G6
→
�

8VLQJ *UHHQ·V WKHRUHP LW LV SRVVLEOH WR VSHFLI\ WKH

VROXWLRQV RI FHUWDLQ SDUWLDO GLIIHUHQWLDO HTXDWLRQV�

WKURXJKRXW WKH YROXPH RI LQWHUHVW� NQRZLQJ RQO\

WKH YDOXHV RI WKH IXQFWLRQ �DQG RI DQRWKHU� FDOOHG

WKH *UHHQ·V IXQFWLRQ� RQ 6� DQG WKH FRPSRQHQWV

RI WKHLU JUDGLHQWV QRUPDO WR 6� 6KRZLQJ KRZ WKLV

LV GRQH ZRXOG� KRZHYHU� WDNH XV WRR IDU DILHOG�

%HIRUH OHDYLQJ WKH VXEMHFW RI YHFWRU DQDO\VLV� LW LV

ZRUWK VWUHVVLQJ FHUWDLQ LGHQWLWLHV� )LUVW�

∇ × (∇ Φ) = FXUO (JUDG Φ) ≡ �

∇ ⋅ (∇ × $
→

) = GLY ⋅ (FXUO$
→

) ≡ � �

$QG ZH VRPHWLPHV QHHG WKH LGHQWLW\

∇ × (∇ × $
→

) = FXUO (FXUO$
→

)

≡ ∇ (∇ ⋅ $
→

) − ∇ � $
→
�

! � 2QcYS YTUQc _V `b_RQRY\Ydi dXU_bi

3UREDELOLW\ WKHRU\ LV VR IXQGDPHQWDO LQ SK\VLFV LW LV

DOO EXW WDNHQ IRU JUDQWHG� 7KH EDVLF QRWLRQ LV D

QXPHULFDO UHSUHVHQWDWLRQ RI WKH OLNHOLKRRG RI D

FKDQFH HYHQW� ZKLFK ZH FDOO D SUREDELOLW\� )RU

FRQFUHWHQHVV OHW XV LPDJLQH D FXELFDO GLH �WKDW LV�

RQH RI D SDLU RI GLFH� ZKRVH VL[ IDFHV DUH PDUNHG

ZLWK �²� VSRWV� ,I ZH WKURZ WKH GLH WKHUH DUH VL[

SRVVLEOH GLVWLQFW RXWFRPHV� LW FDQ ODQG RQ RQH RI

LWV IDFHV� ZLWK WKH IDFH RSSRVLWH XS� $VVXPLQJ� E\

@8IC %%! 3_]`edQdY_^Q\ =UdX_Tc _V @XicYSc !!
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�� 7KLV ZDV D PDMRU SLHFH RI ZRUN LQ LWV WLPH DQG UHTXLUHG SDJHV RI WHGLRXV FDOFXODWLRQ WR SURYH� ZRUNLQJ ZLWK
LQGLYLGXDO YHFWRU FRPSRQHQWV�



V\PPHWU\� WKDW WKHUH LV QR UHDVRQ IRU RQH RXWFRPH

WR EH PRUH OLNHO\ WKDQ DQRWKHU� ZH DVVLJQ D SULRUL

SUREDELOLWLHV �

�
WR HDFK RXWFRPH�

:H VKRXOG GUDZ DWWHQWLRQ� GHVSLWH WKHLU REYLRXV�

QHVV� WR WZR DVSHFWV RI WKLV DVVLJQPHQW� ILUVW� D

SUREDELOLW\ LV D QXPEHU S LQ WKH UDQJH � ≤ S ≤ ��

6HFRQG� WKH HYHQWV ZH DUH GHVFULELQJ PXVW EH

GLVWLQFW� RU PXWXDOO\ H[FOXVLYH� LI � GRWV DUH VKRZ�

LQJ� WKHQ � GRWV FDQQRW EH VLPXOWDQHRXVO\ VKRZLQJ�

/HW XV FRQVLGHU PRUH FRPSOLFDWHG VLWXDWLRQV� VXS�

SRVH$ DQG % DUH WZR SRVVLEOH HYHQWV� DQG VXSSRVH

ZH SHUIRUP DQ H[SHULPHQW ZLWK Q HTXDOO\ OLNHO\

RXWFRPHV�

^! - _edS_]Ucg YdX 1 Red ^_d2

^" - _edS_]Ucg YdX 2 Red ^_d1

^# - _edS_]Ucg YdX R_dX 1 Q̂ T 2

^$ - _edS_]Ucg YdX ^UYdXUb 1 ^_b 2

6LQFH WKLV H[KDXVWV DOO WKH SRVVLELOLWLHV ZH KDYH

Q� + Q� + Q� + Q� = Q �

7KH SUREDELOLW\ RI $ LV

S($) =
Q� + Q�

Q

DQG WKDW RI % LV

S(%) =
Q� + Q�

Q
�

%XW WKHUH DUH PRUH FRPSOH[ SRVVLELOLWLHV� )RU H[�

DPSOH� WKH SUREDELOLW\ RI $ RU % �RU ERWK³WKLV LV

´RUµ LQ WKH ORJLFDO VHQVH� LV

S($ + %) =
Q� + Q� + Q�

Q

DQG WKH SUREDELOLW\ RI ERWK RFFXUULQJ �WKH MRLQW

SUREDELOLW\� LV

S($%) =
Q�

Q
�

/DVW ZH GHILQH FRQGLWLRQDO SUREDELOLWLHV� IRU H[DP�

SOH� WKH SUREDELOLW\ WKDW $ RFFXUV� JLYHQ WKDW ZH

NQRZ % KDV RFFXUHG� LV

S($_%) =
Q�

Q� + Q�

�WKDW LV� LQ WKH VHW RI DOO RXWFRPHVZLWK% RFFXUULQJ�

ZKDW IUDFWLRQ KDYH $ RFFXUULQJ DOVR�� 6LPLODUO\�

S(%_$) =
Q�

Q� + Q�
�

)URP WKHVH H[DPSOHV ZH FDQ GHGXFH VRPH JHQHUDO

UXOHV�

S($%) = S(%) S($_%) ≡ S($) S(%_$)
DQG

S($ + %) = S($) + S(%) − S($%) �

$Q H[DPSOH RI WKH ODWWHU LV WKH SUREDELOLW\ WKDW LI

\RX GUDZ WZR FDUGV IURP HDFK RI WZR ZHOO�VKXIIOHG

GHFNV� DW OHDVW RQH ZLOO EH D NLQJ� 7KH SUREDELOLW\

RI GUDZLQJ D NLQJ LV DVVXPHG WR EH WKH VDPH DV WKDW

RI GUDZLQJ DQ\ RWKHU FDUG� QDPHO\ �

��
� DQG VLQFH

WKH HYHQWV DUH LQGHSHQGHQW �WKDW LV �

S(%_$) ≡ S(%) � ZH KDYH

S( DW OHDVW � NLQJ ) =
�

��
+

�

��
−

�

���
�

,W LV ZRUWK QRWLQJ WKDW LI WZR HYHQWV DUH PXWXDOO\

H[FOXVLYH�

S($%) = � �

6XSSRVH ZH KDYH D WKLUG HYHQW� &� 6LQFH

S(%) S($_%) = S($) S(%_$)
LW PXVW EH WUXH WKDW

S(%_$) = S(%)
S($)

S($_%)

DQG IRU HYHQW &�

S(&_$) = S(&)
S($)

S($_&) �
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,I ZH GLYLGH WKH ILUVW UHODWLRQ E\ WKH VHFRQG� S($)
FDQFHOV RXW DQG ZH KDYH %D\HV·V WKHRUHP

S(%_$)
S(&_$)

= S(%)
S(&)

S($_%)
S($_&)

�

+HUH LV DQ H[DPSOH RI %D\HV·V WKHRUHP� VXSSRVH ZH

KDYH GUDZHUV$� % DQG& FRQWDLQLQJ WZR JROG� RQH

JROG DQG RQH VLOYHU� DQG WZR VLOYHU FRLQV� UHVSHF�

WLYHO\� ,I WKH GUDZHUV DUH XQODEHOOHG DQG ZH WDNH D

FRLQ IURP RQH �ZLWKRXW ORRNLQJ LQVLGH�� ZKDW LV WKH

SUREDELOLW\ WKDW ZH WKH RWKHU FRLQ LV JROG" 7KDW LV

ZH ZDQW WR NQRZ WKH SUREDELOLW\ WKDW� KDYLQJ

IRXQG D JROG FRLQ �FDOO WKLV HYHQW '�� WKH GUDZHU

ZH FKRVH DW UDQGRP LV GUDZHU $� ,Q V\PEROV ZH

ZDQW WR FDOFXODWH S($_')� 1RZ ZH NQRZ WKDW

S(&_') = � �EHFDXVH WKHQ ZH ZRXOG GHILQLWHO\

KDYH SLVNHG D VLOYHU FRLQ��:H DOVR NQRZ WKDW VLQFH

ZH KDG WR KDYH SLFNHG RQH RI WKH GUDZHUV�

S($_') + S(%_') + S(&_') = � �

%D\HV·V WKHRUHP WHOOV XV WKDW

S($_')
S(%_')

= S($)
S(%)

S('_$)
S('_%)

=
�⁄�
�⁄�

�
�⁄�

= � �

KHQFH ZH FRQFOXGH

S($_') = �⁄� � S(%_') = �⁄� �

7KLV SUREOHP� LQFLGHQWDOO\� LV HTXLYDOHQW WR RQH

WKDW WKH FROXPQLVW0DULO\Q9RV 6DYDQW �WKH SHUVRQ

ZLWK WKH ZRUOG·V KLJKHVW ,4� JRW ULJKW DQG PDQ\

PDWKHPDWLFV SURIHVVRUV JRW ZURQJ�

%D\HV·V WKHRUHP FDQ JLYH LQVLJKW LQWR WKH FRUUHFW�

QHVV DQG SRZHU RI D WKHRU\� JLYHQ FHUWDLQ REVHUYD�

WLRQV�

7KXV FRQVLGHU WKH SUREDELOLW\ S(0_*5) WKDW *HQ�
HUDO 5HODWLYLW\ LV FRUUHFW� JLYHQ WKDW LW SUHGLFWV WKH

�REVHUYHG� UHVLGXDO SHULKHOLRQ SUHFHVVLRQ RI 0HU�

FXU\·V RUELW� *HQHUDO 5HODWLYLW\ JLYHV D XQLTXH DQ�

VZHU IRU WKLV YDOXH� VR WKH SUREDELOLW\ RI REVHUYLQJ

LW ZRXOG LQ WKHRU\ EH D δ�IXQFWLRQ� +RZHYHU� RE�
VHUYDWLRQDO HUURU VPHDUV WKH SUREDELOLW\ GLVWULEX�

WLRQ LQWR D VKDUSO\ SHDNHG FXUYH FHQWHUHG DW WKH

RSWLPXP YDOXH� :KDW FDQ ZH FRPSDUH WKH WKHRU\

WR" 6XSSRVHZH FRQVLGHU DOWHUQDWH SK\VLFV EDVHG RQ

VRPH QRQ�XQLIRUP PDVV GLVWULEXWLRQ �WKDW KDV QRW

\HW EHHQ REVHUYHG� WKDW OHDGV WR D WHUP SURSRU�

WLRQDO WR
�

U�
LQ WKH JUDYLWDWLRQDO SRWHQWLDO RI WKH

6XQ� 7KH FRHIILFLHQW RI WKLV H[WUD WHUP LV QRW

ZHOO�GHWHUPLQHG VLQFH WKH RQO\ UHVWULFWLRQ LV WKDW

LW PXVW EH WRR VPDOO WR LQIOXHQFH WKH RUELWV RI WKH

RWKHU SODQHWV �VLQFH WKHVH DUH QRW VHHQ WR SUHFHVV��

7KXV ZH PXVW DVVLJQ D PXFK EURDGHU SUREDELOLW\

GLVWULEXWLRQ WR WKH DOWHUQDWH WKHRU\� S(0_$) �
%D\HV·V WKHRUHP VD\V WKDW

3(*5_0)
S($_0)

= S(*5)
S($)

S(0_*5)
S(0_$)

�

ZH GR QRW NQRZ WKH D SULRUL SUREDELOLWLHV� S(*5)�
S($) WKDW HLWKHU WKHRU\ LV FRUUHFW� %XW LW LV UHDVRQ�
DEOH WR DVVXPH LQ WKH DEVHQFH RI HYLGHQFH WR WKH

FRQWUDU\ WKDW WKH\ DUH URXJKO\ HTXDO� ,Q WKLV FDVH�

WKH H[SHULPHQWDO UHVXOW FRPELQHG ZLWK WKH VKDUS

SUHGLFWLRQ RI *HQHUDO 5HODWLYLW\ IDYRUV (LQVWHLQ·V

WKHRU\ RYHU SODXVLEOH DOWHUQDWLYHV E\ VRPHWKLQJ

OLNH �� WR ��

1RZ ZH GLVFXVV VRPH ZHOO�NQRZQ SUREDELOLW\ GLV�

WULEXWLRQV� $PRQJ GLVFUHWH GLVWULEXWLRQV WKH PRVW

FRPPRQ DUH WKH ELQDU\ DQG 3RLVVRQ GLVWULEXWLRQV�

7KH\ FDQ EH GHULYHG E\ ZULWLQJ GRZQ HTXDWLRQV

WKDW GHVFULEH WKH SURFHVVHV� WKHQ VROYLQJ WKH HTXD�

WLRQV�

&RQVLGHU DQ H[SHULPHQW LQYROYLQJ WZR RXW�

FRPHV³IRU H[DPSOH KHDGV RU WDLOV� ZLWK SURE�

DELOLWLHV S DQG T VXFK WKDW S + T = �� 'HILQH WKH

SUREDELOLW\ WR KDYH Q KHDGV DIWHU D VHULHV RI1 WRVVHV

RI WKH FRLQ DV 3
Q
(1) � 1RZ LW LV HDV\ WR VHH WKDW

3
Q
(1) = S 3

Q−�(1−�) + T 3
Q
(1−�)

RU LQ ZRUGV� WKH SUREDELOLW\ WKDW DIWHU 1²� WRVVHV

WKHUH ZHUH Q²� KHDGV� WLPHV WKH SUREDELOLW\ WKDW

WKH QH[W WRVV SURGXFHG KHDGV� SOXV WKH SUREDELOLW\

WKDW WKHUH ZHUH DOUHDG\ Q KHDGV DQG RQH WKUHZ D

WDLO� 7KLV LV D GLIIHUHQFH HTXDWLRQ LQ WZR LQGLFHV�

DQG GLIILFXOW WR VROYH ZLWKRXW D WULFN� WKH LGHD LV WR

PXOWLSO\ 3
Q
E\ D YDULDEOH V

Q DQG VXP RYHU Q WR
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SURGXFH D QHZ IXQFWLRQ FDOOHG WKH JHQHUDWLQJ IXQF�

WLRQ

*
1
(V) = ∑

Q=�

1

3
Q
(1) VQ �

1RWH WKDW *
1

(�) = � �

,W LV HDV\ WR VHH WKDW WKH JHQHUDWLQJ IXQFWLRQ VDWLV�

ILHV WKH HTXDWLRQ

*
1
(V) = S V + T *

1−�(V)

ZKRVH VROXWLRQ LV

*
1
(V) = *

1
(�) S V + T

1

≡  S V + T
1

IURP ZKLFK ZH FDQ UHFRYHU WKH SUREDELOLWLHV E\

H[SDQGLQJ WKH ELQRPLDO�

*
1
(V) = ∑

Q=�

1





1

Q



S
Q

T
1−Q

V
Q

RU

3
Q
(1) = 




1

Q



SQ T1−Q �

7KLV LV FDOOHG WKH ELQRPLDO GLVWULEXWLRQ� -XVW IRU IXQ

OHW XV FDOFXODWH WKH H[SHFWHG QXPEHU RI KHDGV LQ

1 WRVVHV� WKLV LV MXVW

〈Q〉
1

= ∑
Q=�

1

Q




1

Q



SQ T1−Q ≡





G*
1
(V)

GV



 V=�

�

7KH ODVW LGHQWLW\ JLYHV XV DQ HDV\ ZD\ WR HYDOXDWH

WKH VXP� ZH JHW

〈Q〉
1

= 



G

GV
S V + T

1

 V=�

= S1 �

:H FRXOG DOVR DVN IRU WKH YDULDQFH RI WKLV QXPEHU�

GHILQHG E\

9DU (Q)
1

= 〈 (Q − 〈Q〉)� 〉
1

= ∑
Q=�

1

(Q − S1)� 



1

Q



S
Q
T
1−Q

�

(YDOXDWLQJ WKLV VXP �IRU H[DPSOH� E\ WKH SUHYLRXV

WULFN� ZH ILQG

9DU (Q)
1

= ST1 �

7KXV WKH VWDWLVWLFDO XQFHUWDLQW\ RU VWDQGDUG GHYLD�

WLRQ �VTXDUH URRW RI WKH YDULDQFH� LV

σ = √ S T 1 �

1H[W ZH FRQVLGHU D SK\VLFDO SURFHVV OLNH D WHOH�

SKRQH H[FKDQJH RU D *HLJHU FRXQWHU� (YHQWV �WHOH�

SKRQH FDOOV� UDGLRDFWLYH GHFD\V� FRPH UDQGRPO\

VSDFHG LQ WLPH� EXW DW VRPH DYHUDJH UDWH α VR WKDW

LQ D WLPH WZHPD\ H[SHFW WR KDYH FRXQWHG α W VXFK

HYHQWV� 1RZ LI 3
Q
(W) LV WKH SUREDELOLW\ DW WLPH W RI

KDYLQJ REVHUYHG Q HYHQWV� ZH PD\ VD\ WKDW

3
Q
(W + GW) = 3

Q−�(W) α GW + 3
Q
(W) � − α GW �

7KLV OHDGV WR WKH GLIIHUHQWLDO�GLIIHUHQFH HTXDWLRQ

G

GW
3
Q
(W) = α 


3
Q−�(W) − 3

Q
(W)


�

'HILQLQJ WKH DSSURSULDWH JHQHUDWLQJ IXQFWLRQ E\

DQDORJ\ ZLWK WKH SUHFHGLQJ H[DPSOH� ZH ILQG WKH

GLIIHUHQWLDO HTXDWLRQ

G

GW
*(V� W) = α (V − �) *(V� W)

RU

*(V� W) = H−α W Hα W V ≡ ∑
Q=�

∞

H−α W (α W)Q

Q�
VQ �

7KDW LV� LI ZH GHILQH λ = α W DV WKH H[SHFWHG

QXPEHU RI KLWV� WKH SUREDELOLW\ RI Q KLWV LV

3
Q

= H
−λ λQ

Q�
�

7KLV LV FDOOHG WKH 3RLVVRQ GLVWULEXWLRQ�

,W LV HDVLO\ VHHQ WKDW WKH SUREDELOLWLHV VXP WR � IRU

SRVLWLYH λ DQG WKDW

〈Q〉 = λ

9DU(Q) = λ �
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7KDW LV� WKH VWDWLVWLFDO XQFHUWDLQW\ LQ D FRXQWLQJ

H[SHULPHQW LV DOZD\V

σ =  〈Q〉
�⁄�

�

3RLVVRQ GLVWULEXWLRQV DSSO\ WR SROLWLFDO SROOLQJ DV

ZHOO DV WR WKH WKHRU\ RI VWDWLVWLFDO IOXFWXDWLRQV LQ D

JDV� ,Q D JDV RI PHDQ QXPEHU�GHQVLW\ Q
_
D YROXPH

∆9 FRQWDLQV

1 = Q

_
∆9 ± Q

_
∆9

�⁄�

�WKDW LV� WKH DYHUDJH QXPEHU ± σ �� ,I ZH PDNH WKH

YROXPH WRR VPDOO� WKHUHIRUH� WKH UHODWLYH VL]H RI WKH

IOXFWXDWLRQV EHFRPHV FRPSDUDEOH WR WKH DYHUDJH

QXPEHU� KHQFH WKHUH LV QR PHDQLQJ WR WKH DYHUDJ�

LQJ SURFHVV� 6XFK HIIHFWV VKRZ XS LQ PLFURFLUFXLWV

DV QRLVH �EHFDXVH FKDUJH FRPHV LQ HOHFWURQ�VL]H

XQLWV�� ,Q WKH GD\V RI YDFXXP WXEHV WKH OLPLWLQJ

IDFWRU LQ DPSOLILFDWLRQ ZDV WKH ´VKRW HIIHFWµ QRLVH

�UHVHPEOLQJ OHDG VKRW RU %%V GURSSHG RQ WKH IORRU�

EHFDXVH DW ORZ FXUUHQWV RQO\ D IHZ HOHFWURQV FRXOG

EH H[SHFWHG WR DUULYH LQ DQ\ WLPH LQWHUYDO�
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