Problem set 4

1. The displaysment operator of longitudinal waves in a medium (longitudi-
nal phonons) has the form
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The corresponding momentum operator is p(i. These operators satisfy the

following commutation relations: [(ja(r, t), pc}g(r’, t)} = i0a80(r — ')

(a) Verify that the operators bk and Z;L defined by the relation by =
2pwo(k)gx satisfy the usual bosonic commutation relations.

(b) Express the kinetic energy of longitudinal oscillations in terms of b
and b
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2. Fermionic Green’s function is defined (as zero temperature) as

Gaglaia') = =i (T (baa(@)lys(@)))

where 1 and 1/)}{ are field operators in the Heisenberg representation, «
and [ are the spin indices, and = = (t,r).

(a) Prove that the density of fermions can be related to the Green’s
function as
n(z) = —i tllirg}ro Goa(t,T;t' 1)
(b) Using this formula for the density and the Greeen’s function in mo-
mentum representation G(e,p), find the Fermi-momentum of free
spinless fermions with the density n.

3. Electrons in a two-dimensional quantum well are often described by the
Rashba model, defined by the following Hamiltonian
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HRashba = Z <2’rn + aey [Ta,a’ X p]) C;T)(TCPU'V
p,0,0’

where « is a constant (spin-orbit coupling), e, is a unit vector in the z-
direction, and 7 are the Pauli matrices. Note that p is a two-dimensional
vector. Diagonalize the Hamiltonian and find the Green’s function for the
non-interacting Rashba electrons.
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