Prooblem set 5

1. Phonon excitations in a crystal are often described by the Debye model
in which the phonon spectrum is w(k) = ck|, if ¥ < kp (where wp is the
Debye frequency) and w(k) = 0, if & > kp. Find the threshold Debye
frequency in a crystal of volume V', which contains N identical atoms.
Assume that only longitudinal phonons are present.

2. Draw all possible topologically non-equivalent diagrams (connected and
disconnected) in second order perturbation theory with respect to a two-
particle interaction V(r; — ra).

3. Write down the analytical expressions (in momentum representation) cor-
responding to the following diagrams:
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4. A localized magnetic impurity is introduced in a Fermi gas. The spin
interacts with electrons via the following exchange interaction

Hint = J / S'S(r)wl (r)ol gp(r)d’r = JS'6" (r = 0),

where J is a constant, which is assumed small, S is the impurity spin,
i = z,y,z, @ and [ are spin indices, and ofm are the Pauli matrices.
Find the spin polarization <&i(r)> at large distances from the spin (rpp >
1) in leading order of perturbation theory with respect to the exchange
interaction.

Hint: Express the polarization density through the Green’s function as

follows (6%(r)) = t’hrtIiLO [—iawaﬁa(r, t;r’,t’)] Calculate the first order

correction Gog(e,1;1") = JS'0l,5Go(e, r)Go(e, —r') in real space.
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