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OUTLINE

1. How the Photon is usually taught
2. Elementary Theory of the Wave Function of a Photon
3: “Advanced” Theory of the Wave Function of a Photon

4: Spin-Orbit Interaction in a Single Photon



How the photon Is usually taught:

Maxwell-Boltzmann vs. Bose-Einstein




Maxwell-Boltzmann Bose-Einstein

Light is made of EM waves. Light is made of corpuscles.
Modes are distinguishable. | They are indistinguishable.
M-B counting statistics applies. B-E counting statistics applies.

° « °°
{ °
% ° ® |e
predictio@ @orediction
Planck spectrum

inference inference

Photons as entities.
Quantum field as
‘emergent.”

EM fields as entitieé.
Photons as state
description.(Dirac)




1. Photons are Bose particles with = hv

2. Lightis made of photons, but it also has wawapprties, which are

Important when photons are flying through spacénbtiwhen they
are detected.

Must a photon be monochromatic?

An atom initially
in an excited
state decays
spontaneously.

QuickTime™ and a
Animation decompressor
are needed to see this picture.

If a photon can be in a fairly localized wave pdcldat
wave equation does this obey?



Teaching Wave Mechanics for Particles - 1
begin with Einstein’s kinematic equation:
E = (mc®)* +(cp)

m=mass, p=momentum
(ignore polarization, spin, interactions)
p = hk(de Broglie) E=ha (Planck)
Dispersion relations --> Wave Equations in 1D

electron: m>0, v<<c photon: m=0, v=c
2
E: M+p—+... E°=cp’
2m
2 A2 0° 0°
hLpp-29 g W WO = S W)
ot 2m 0Xx
(h cancels out)
Electron Wave Photon Wave
Equation Equation

Erwin James Clerk:




b . Teaching Wave Mechanics for Particles-2 , 3
. Particle in a Box p = hk E=ha e

Y, (xt)= \Esin(an)exp(-iwnt) k,=nn/b, n=1,2,3...

Electron E=p*/2m Photon E=cp
hSw -1 ey o Xk
Py om Fw(x,t)—c ﬁw(x,t)

A

E, _ (hk)’ :(nﬂjz 1 o _E, _chk) _ c7

W, = ==
h 2mh b/ 2mh " h h b

(an electron “resonator”) (like a laser resonator)



Probability: Born Interpretation

Teaching Wave Mechanics for Particles-3 , ;3

Wx,t)" = the probability density for finding the particle at

position x attimet.

Electror

Photot

e Nonrelativistic: OK

* Relativistic:
Problematic -
charge density nat
mass density

Always relativistic:
Problematic, but OK
for eigenstates of
energy (or states with
small spread in

energy)



1 .'I:eaching Wave Mechanics for Particles - 4
$ Spin: Just tack it on

Spin is described by two new

S ) guantum numbers,andm
§=h/s(s+D)  F=hm

Electron (s = 1/2 Photon (s =
9 =hJL/2)a/2+ 1) 9 = hJ@)a+1)
S;=hm (any axis) S;=ho (propagation axis)
m=1/2, -1/2 “spin projection” 0 =1, -1 (not 0) “helicity”
R - l//%(x,t))(% + t/f_%(x,t))(_% W = W (X)X + W (XD X

(no worse than what we do to an electron)



So, What 1sa Photon?

1. Thenamegiven tothen=1 states of the
electromagnetic quantum field.
S Or S
2. A fundamental quantum particle, through which
the EM field emerges when many photons are
present. (Like a nation emerging from an
aggregate of many people.)

Analogous statements hold for eectrons.

Many details have been swept under the rug...






Derivation of (Einstein)
Quantum Wave E= \/(mC2)2 +(cp)’
Equations w i
(Planck) nd . glP- —ihi
ot (de Broglie)
L0 TR
mz0 |hELIJ—\/(mc) +c?(-ih0)* ¥
s=1/2
- |

Dirac Equatlonm um

ihatlJ =cmpBY -ihc(agl)W¥

V<<C 1 4 components

Schrodinger Equation
[AWCILR, WO
ot 2m

2 components

Require W* W =
local number density



Derivation of (Einstein)

— 2\2 2
Quantum Wave E= \/(mc )" +(cp)
Equations w wi Can we
.. 0 - —
t v( e Broglie) came
- for a
electron 0 —
0 ‘ 'haw = \/(mCZ)2 +c*(-ih0)* W single
s=1/2 photon?
E- |
Dirac Equationm w
ihatlJ =cmpBY -ihc(agl)W¥
V<<C 1 4 components
Schrodinger Equation
iy - _h_zgij(z)
i 2m Require W* W =

2 components local number density




Derivation of B " > | (EInstein)
Quantum Wave E= \/(mc ) +(cp) Parallel
Equations w -
) 0 < —ihL] treatment
Planck) ih— < E :
( ) " (de Broglie) for photon:
————_________": Y m:O
electron! | . 0 4 s=1
| ih—W =/(mc®)* + c*(-ihDO)* W
mzZ0 ot \/( ) ( ) V=C
s=1/2 i w wuu
V~C "“1 """""""""""" 1 l D [LIJ — O
Dirac Equation,, Photon Wv. Equation
o ., _ . w w w
|hatLIJ cmBY —ihc(agl) W b9 = heg T xW
- 1 4 components ot

v - ) 3 ts f h helicit
SChrOdlnger Equathn components 1or eac ellCIty

hdye - g
ot 2m

2 components

o = helicity (+1) (% cancels)

. UAU * UAU
Require W WY =
local enerqy density




Derivation of Photon Wave Equation momentum wave fn

hoton, m=0, s=1, W
E=cypLp gcomponents 4 Y(p.BE)= (4. 4,.4,)

\'§ V4 _
E¢(p,E)=cyplp¢(p,E) ﬁ'—% +Y, .
px()[/L:O’ pw/'r:o

» W
®Bplp =ipx

BBwTﬂ“éx(i“éx%)z(“r?m“é)wT—@aﬁ):(“éf’ém

W W W
Ey.(p,E)=cipxy.(p,E) Arbitrary weight fn.
f(E)

w Vv v _ WV v W
c//T(r,t)E_”dEdi:) O(E - c|p) expiEt /h+ip T / h) f(E) ¢, (p, E)

ow v w w Vv RequireUL'LIuJT*LL'IHJT =
i EwT (r,t)=cUx¢.,(r,t) local energy density. -->
f(E)=+E
Photon Wave Equation




_ 212 2 | (Einstein)
E =/(mc?)? +(cp) v

l gmw=0 -1

Yr )= +iy,

Photon Wv. Equation
rou w u o w w uw
¢, =-clxy, € |h—W¥Y=hcolxW¥
) ot ot
ou w u
\awR = cOxy, 3 components
Require Y™ Y =

local energy density

Compare to

( E = electric field )
u
LB = magnetic fielg\




For a single-photon field, the quantum wave function of
the photon obeys the same wave equation as the
complex electromagnetic field E + 01 B

helicity (spin, polarization): g = £1

o w w w

| —W¥ = gc ] xW¥

ot

9w w w w
IhELP:JhCDxLPEHLP

Maxwell, In 1862, discovered a fully relativistic,
guantum mechanical theory of a single photon.



MODES +—> STATES

We can elevate the photon wave function to a quantum field, then the usual
guantum field theory reappears. See the review:

“Photon wave functions, wave-packet quantization of light, and coherence
theory,”

Brian J. Smith and M. R., New J. Phys. 9, 414 (2007)

There are subtleties:
* B : . .

« W_ Y_ = energy density, not particle number density.

» Cannot localize a photon wave function to a point.

* The scalar (inner) product has an unusual form.

» There is NOT a Fourier-transform relation between momentum and position wave
functions.



States (Modes) of Single Photons

A photon has four degrees of freedom: momentum) ynandz, andspin (polarization).

y

z

Polarization

ORC

— H

| v

/D
A

O Lc

Transverse Beam Shape

0 wco & He10
# % HG10 ¥, Hoo1
.

+ Hool £ G

Laguerre-Gauss and Hermite-Gauss
Spatial Modes



To what extent is there a photon-electron analogy?

1. Spin Hall Effect for Electron®pposite spin accumulation on opposing latteral
surfaces of a current-carrying sample. Its origin is spin-artataction.

Dyakonov and Perel (1971) Sov. Phys. JETP Lett463,
Hirsch (1999) PRL 83, 1834

2. Spin Hall Effect for Lightspin-dependent displacement perpendicular to the
refractive index gradient for photons passing through an air-glass imterfac
M. Onoda, S. Murakami, N. Nagaosa, PRL 93, 0832004)

Observed: Hosten, Kwiat Science 319 (2(

| nhomogeneity in refractive index causes
SOl.




Spin-Orbit Interaction (SOI) in Spherical Poterdial

« ELECTRONIN AN INHOMOGENOUS SPHERICAL ELECTRIC POTENTIAL (FROM)

| ez 1 Coulomb
H'= — — potential
2mcor
S = SAM Ir><L|'5:L:OAM

(atomic fine structurt

* PHOTONIN A DIELECTRIC SPHERE

Polarization-dependent
mode-frequency shifts?



Spin-Orbit Interaction (SOI) in Cylindricdotentials

« ELECTRONIN AN CYLINDRCIAL WAVEGUIDE

Solve Dirac Equation for f
the traveling-wave states. —

* PHOTONIN A CYLINDRICAL OPTICAL FIBER

Solve Maxwell’'s Equations _>f
for the modes and send a
single photon through.




ELECTRON in a CYLINDER STEP POTENTIAL

(C Leary, D Reeb, M Raymer, to appear NJP)

Dirac Equation --> Schrodinger Equation with SOI

2w
ihiLIJ:—h—DZLIJ + S&Elvx p)LIJ—

ot 2m
force on magnetic moment relativisitic Thomas factor
Recall Coulomb potentia , , , Cylindr potential. /'Z
- My oV A’
r =P .
LV =-e— u?,c?\\\ DV—B— @
r d I | * [0 ap
/] e2 lﬂ
= - — S S X
sgOv x p) = Sd. £(u pap 5(% p)
_ 1oV
—Sgdpoxp + p,term
S = SAM X N E(M ) ]
E rx p=_L =0AM
g ia—VSL +[ p,term |
P 00 e

parallel or anti-parallel



ELECTRON in a CYLINDER STEP POTENTIAL

2 W
h2w=-"P +Hy Hs ° ziaVSsz
ot 2m 2m°c® p dp
For fixed propagation constant (z-momentum), (5
— =V,d(p-a)

perturbative Energy shift is:0E =(W|H | W) op

where unperturbed states are

(1) o (62-
LIJJ:+1:k0J J”] (Kr)em e(ﬁ )

(O\ im @ _i\Bz-wt
LlJaz_l:w J (Kr)e”‘ g =)

E=[W,'H'W,0(m 0)(3,, (xa))

Then

parallel AM antiparallel AM




ELECTRON in a CYLINDER STEP POTENTIAL

2. u
hlp=-D Py ey = 1%
ot 2m 2m°c’ p dp

For fixed propagation constant (z-momentum),
perturbative Energy shift is:0E =(W|H | W)

where unperturbed states are

o) b))

(O\ (Kr )eim ¢ei (,Bz—wt)

Fom ™ ()
E=[W,'H'W,0(m 0)(3,, (xa))

* For a given energy, a parallel-AM electron state has a smaller z-propagation constant than that
of an anti-parallel state.

* For a given z-propagation constant, a parallel-AM electron state has a larger energy than that
of an anti-parallel state.

* Non-perturbative solution of Dirac equation gives same result.

Then




ELECTRON STATE ROTATION in a CYLINDER WAVEGUIDE
Superposition of degenerate positive-helicity states with opposite OAM:

im g+ [,z —im g+ 3,2 a cosS m| ((04‘ 0_:8 18 ]

e + e




ELECTRON STATE ROTATION in a CYLINDER WAVEGUIDE

Superposition of two degenerate positive-helicity states
with opposite OAM: m = +2,-2




SPATIAL MODES ROTATION FORLIGHT?

» Kapany and Burke first predicted polarization-elegent spatial mode rotation
of optical modes in fiber. (1972)

 Did not explain in terms of SOI.

r]cl adding



» Zel'dovich, Liberman (1990; PRA 46, 5199, 199P3tfpredicted optical SOI.:
— Treated a many-mode fiber with a parabolic indefile.

— Predicted spatial mode rotation, due to SOI.

— Observed rotation of speckle pattern, but notrajle modes.

step-index 200 um
Dooghin et al PRA 1992

IEr,vp,z) 12 IE+r,lp,z) I2

 Complementary to Rytov-Berry rotation of polatiaa by topological phase.
e See also works by A.V. Volyar.



Maxwell’s Equations in an Inhomogeneous Medium,
Interpreted as the Quantum Wave Equation for a single
photon

B _gxn, B-oxe
ot ot

D=¢E, H=B/u, 0OID=0,0IB=0

--> Photon Wave Equation:

9 W w w w W
IhELIJ:hCDX‘-I-’+hCDN><‘-I-’

uu ww (6 components)
(uﬁ + DN)BLIJ =0

|. Bialynicki-Birula (Prog.Opt.1996)



Perturbation Theory for Optical SOI in Step-Index Fiber
(C Leary)

« Maxwell Wave Equation:

E + W’ e(p)E+DO[0Ing(p)E]=0
E=(E +E )", E_<<E; g

— W E; +H E, = B°E, A ,
H, = (DTZ + cuzg(,o)) M
H'E, =0, [DT In g(p)gET] Mg

 Unperturbed eigenmodbsive well
defined components of spi@  and
orbital angular momentunm,  along
axis.

| im o (Bz-at)
E(,O,CD,Z)T % (K,O)e y where €, :[(1)) > [(3

circular polarization vector



Perturbation Theory for Optical SOI in Step-Index Fiber

(C Leary)

Perturbed Modes in Circular-Pol Basis States;

(1) (K p)eirq qoei([ﬁwfﬂlz—wt)

n =g A ,
(O\ (Kp)emw ([,8+5,8 NES2Y noore

Iflcladdi g
9B, D<E0m ‘H' E"’”\> %55(:0 a)
0p
10¢
bl ——
< " pap ”’”‘>
10V
O(om )(Jm| (Ka))Z Saeln;(e:t?cs):]cl)r ‘dectron §2B P 0,0




Nonperturbative Solutionsfor Optical SOI in Step-Index Fiber

G antl/lw/
- ) ~.c" ~par
propagation constanf3 s il

different when SAM and
OAM are parallel or
antiparallel (for fixedx )




Photon spin angular momentum (SAM) and orbital
angular momentum (OAM) can carry guantum
iInformation.

If photon SAM and OAM interact, then quantum gate
Interactions can perhaps be based on such interactions.



Single-Photon Spin-Controlled Hadamard Gﬁl’e‘ =1

[ ﬁ+1-ﬁ )}

eim|§0+,8+12 + e—im|¢+,3_1z D COS|: mI k¢+ g

olm=-1 olm =+1 0)
Flipping the photon spin (circular polarization) flips the direction
of rotation of the superposition spatial mode.

o=+1

+

olim=-1 olm =+1



Single-Photon Spin-controlled Hadamard ga]m \ =2

| | 5 )
e MPhuz 4 gTimerhaz cos{ m|e+o B Z)
2

(
H% -

A
-22.5 Y

o=-1

OF

oglm=-2 olm=+2 0)

0) + |1
Flipping the photon spin (circular polarization) flips the direction
of rotation of the superposition spatial mode.

o=+1 W -
OHOR - 1.2

2 olm=+2 o) 0) - |3




SAM-OAM Entangling by Hadamard gatén] ‘ =2




Summary: Spin-Orbit Interaction in Cylindrical Waedes

» Phase-velocity splitting proportional tom

e Parallelor anti-paralleSAM and OAM give rise to
differentpropagation constants for fixed frequency.

» Depends on total AMm,| =|m +]

e SOI-split states (modes) have a longitudinallgyrsy
relative phase difference, which creates rotatic
superposition states (modes).

e Can be used to implement a single-photon spinroibed
spatial rotation, for entangling spin and spatiades.

» Electron-photon analogy strengthens the photen-as
particle viewpoint [\ Oreqon
enterfor

L/ Optics




Poincare Sphere for Polarization

ORC




Poincare Sphere for L=1 Modes

.-
+ | =
o LGO1 L B p—
HG10 HGO1
e - - _
-
HG10 HG10 HGO1
LR
HG'10 .’ 0. HG'01
—~ Rotation=Hadamard
HGO1
- a .
e+ = -8
HG10 HGO1 HG'10
_ - —t
0 e " - o *
Van Enk; Galvez.. HG10 HGO1 HG'01




What are the proper Scalar Product and
Normalization? Bialynicki-Birula (1996)+refs.

e should be bilinear e« should be Lorentz invariant

= <L|I'J’j ‘Lwlf’m)zj‘ J‘Ll-’m (r )d r ij(ﬁ)dsr _ 5j,m Invariant,

Non-local
\r—r\

No local particle

Norm:  ([)= | jLP (r)dr. Bz | densiy

‘r —r ‘ (deal with it)
The mean _EnLeurg3r/ of the photon IS:
wl wr wr
@\H W) | j‘w 4 ‘) ) 6 |hex W(nd'r = [d Wiy B(r) =(H)
r—=r

. \$(£)\2 s a local energy
Wr) is the probability amplitude for density.
localizing , hot particle position. | Not invariant (OK)



w |
Quantum Field Theory: Dirac used Monochromatic Modes (P = hk)

1PN | | [0
EV(rt)= [dk &k, oWk &, explk [ —ia)

Bosonic
operators:

%k o) §T(|r<',a')} - 5k k)3, .

EV(r,t) = Z@v,(r 0, [B.6.]=

Unitary transform@mn

Zjd3kR (k a)a(k o)

Non-Monochromatic [

I rr
modes (wave Vi (I’,t) = Zjdsk Rj(k, J@ exp(k Lt —iawt)

packets):




The T-G wave-packet modes are orthogonal under the same

scalar product as are the photon wave functions

Photon Wave Functions:

(51%.)<]

J7

Wm(r)

-

d3|

L. Invariant,

Non-Monochromatic
wave packet modes:

(1vo)e ]

Jrre

r.r
Vi (')

-

der'

Non-local

Vi(rt) = Y [dKR (k AWK U (r,)

rr
vi(r)d¥ = o



If we quantize the one-photon wave function, we obtain standard
Dirac Quantum Field Theory

2,0 =0 X, (s WE0=Y8 5,00 . [8.6.]=0,

J/ Bosonic
0 u T

u 3 operators
energy e-states: jlﬂm (r)lﬂj (r)d’r = hw o

i ).m

\} 1) I (éu”j*(:”t)\(wm(::’t)\ 3
W(r,t)zz\/k_j§j¢j(r,t) IL I JL I Jdr:cfj,m

Dirac form




