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Landau flat bands are interesting!

source: 
Willett et al, PRL 1987

Partially filled Landau levels fractional quantum Hall effect (FQHE)
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Are there other ways to get flat bands?

Are they as interesting as Landau levels?
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Early flat bands
D. Weire and M. F. Thorpe, PRB 4, 2508 (1971)
J. P. Straley, PRB 6, 4086 (1972)
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More early flat bands E. Dagotto, E. Fradkin, and A. Moreo, Phys. Lett. B 172, 383 (1986).
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Fig. 1. (a) A dispersion law with four bands in contact at zero 
momentum. (b) An example of a spectrum generated by a lo- 
cal interaction which gives us a free Weyl particle plus non- 
propagating states. 

It is easy to construct a lattic hamiltonian with the 
spectrum of fig. lb. Consider a three-dimensional cu- 
bic lattice in the hamiltonian formalism (the method 
can be easily extended to any dimension). For each 
link we define two fermionic variables, one at each 
endpoint, as shown in fig. 2. We couple these fields 
by the hamiltonian 

H = S 1 ~ . .  Ci+(x)~(x) 
x,l,] 

+ U 2 ~ .  C ; ( x ) ~ ( x  +j )  - 3U 11 ,  (1) 
X,1 

where C +, C are fermionic operators and x denotes 

C2 
C-I 

= tx~, C- 2 

Fig. 2. A two-dimensional example showing the position of 
the variables used in eq. (1). 

sites. U 1 represents an on-site coupling while U 2 
couples the variables belonging to the same line. i and 
j take the values -+1, +2, +3. A related hamiltonian 
was originally proposed in ref. [8] in the context of  
topological disorder in a tetrahedrally bonded solid. 
(A similar model was analyzed in ref. [9] in writing 
the classical path integral version of  two-dimensional 
Ising model). It can be shown that by choosing a spe- 
cial ratio between U 1 and U2, there is a band crossing 
at zero momentum. By explicit diagonalization in mo- 
mentum space or using the method presented in ref. 
[10], the spectrum can be evaluated, 

E(p)  = +- 9U 2 + U 2 + 2U 1 U 2 ~ cos(Pla ) , 
l=1 

= ( - U  2 - 3U1) (doubled),  

= (U 2 - 3U1) (doubled) (2) 

(a is the lattice spacing). Choosing U 1 = 1/x/-~ and 
U2 = - x / ~ ,  where a is the lattice spacing, we obtain 
the result shown in fig. 3. In the limit a -~ 0, the prop- 
agating modes satisfy the relativistic relation E = +lPl 
and then we have obtained an explicit example of  the 
idealized situation fig. lb. The non-propagating states 
are localized. The corresponding eigenfunctions are 
associated with closed loops on the lattice. Note that 
the degenerate states at E = - 2 x ~ / a  introduce an 
asymmetry between states of  positive and negative 
energy. Such non-propagating states, although super- 
ficially violate Lorentz invariance in the continuum 
limit, do no harm since they appear to decouple. 

Then we have shown explicitly that using a local 
interaction in a regular lattice (satisfying all the hy- 
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Of the generic form in 
J. P. Straley, PRB 6, 4086 (1972)

Motivation was to get Weyl fermions on the 
lattice, with a single cone
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Flat very top band

Flat middle band φ+ + φ− = π (mod 2π)

φ± = 2π n±

φ± = π (2n± + 1)
E = −2g

E = +2g

Flat very bottom band

E = 0

Possible flat band energies in the Kagome model
D. Green, L. Santos, and C. Chamon, PRB 2010
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φ+ = φ− = 3 (π/2− �)

� < 0 � = 0 � > 0

Flat band as a “critical point” 

Thursday, March 22, 2012



Can go on and on...
Parallel flat bands- honeycomb lattice w/ 3 flavors 
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Are there other ways to get flat bands?

Are they as interesting as Landau levels? 
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Are there other ways to get flat bands?

Are they as interesting as Landau levels? 
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Are they as interesting as Landau levels? 

Up to that point, had examples of flat bands with
zero Chern number
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σxy = −1

σxy = +1

Quantum Hall effect w/o Landau levels

F. D. M. Haldane, Phys. Rev. Lett. 61, 2015 (1988).

2

Two examples of Hamiltonians of the the form (1a) are

the following. Example 1: The honeycomb lattice. We

introduce the vectors at
1 = (0,−1), at

2 =
�√

3/2, 1/2
�
,

at
3 =

�
−
√
3/2, 1/2

�
connecting NN and the vectors bt1 =

at
2−at

3, b
t
2 = at

3−at
1, b

t
3 = at

1−at
2 connecting NNN from

the honeycomb lattice depicted in Fig. 1(a). We denote

with k a wave vector from the BZ of the reciprocal lattice

dual to the triangular lattice spanned by b1 and b2, say.
The model is then defined by the Bloch Hamiltonian [1]

B0,k := 2t2 cosΦ
3�

i=1

cosk · bi, (2a)

Bk :=

3�

i=1




t1 cosk · ai
t1 sink · ai

−2t2 sinΦ sink · bi



 , (2b)

where t1 ≥ 0 and t2 ≥ 0 are NN and NNN hop-

ping amplitudes, respectively, and the real numbers ±Φ
are the magnetic fluxes penetrating the two halves of

the hexagonal unit cell. For t1 � t2, the gap ∆ ≡
minkε+,k − maxkε−,k is proportional to t2. The width

of the lower band is δ− ≡ maxkε−,k − minkε−,k. The

flatness ratio δ−/∆ is extremal for the choice cosΦ =

t1/(4t2) = 3
�
3/43, yielding an almost flat lower band

with δ−/∆ = 1/7 [see Fig. 1(c)]. Example 2: The square

lattice. We introduce the vectors xt ≡
�
1/

√
2, 1/

√
2
�
,

and yt ≡
�
−1/

√
2, 1/

√
2
�

connecting NNN from the

square lattice as depicted in Fig. 1(b). We denote with

kt
=

�
kx, ky

�
a wave vector from the BZ of the recipro-

cal lattice dual to the square lattice spanned by x and y.
The model is then defined by the Bloch Hamiltonian [12]

B0,k := 0, (3a)

B1,k + iB2,k := t1 e
−iπ/4

�
1 + e+i(ky−kx)

�
(3b)

+ t1 e
+iπ/4

�
e−ikx + e+iky

�
,

B3,k := 2t2
�
cos kx − cos ky

�
, (3c)

where t1 ≥ 0 and t2 ≥ 0 are NN and NNN hopping ampli-

tudes, respectively. The flatness ratio δ−/∆ is extremal

for the choice t1/t2 =
√
2, yielding two almost flat bands

with δ−/∆ ≈ 1/5 [see Fig. 1(d)].

The first Chern-numbers for the bands labeled by ± in

Eq. (1c) are given by

C± = ∓
�

k∈BZ

d
2k

4π
�µν

�
∂kµ

cos θ(k)
� �

∂kν
φ(k)

�
. (4)

They have opposite signs if non-zero. All the information

about the topology of the Bloch bands of a gaped sys-

tem is encoded in the single-particle wave functions. For

example, first Chern numbers depend solely on the eigen-

functions. Haldane’s model (2) and the chiral-π-flux (3)

are topologically equivalent in the sense that both have

two bands with Chern numbers ±1.
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FIG. 1. (Color online) (a) Unit cell of Haldane’s model on the

honeycomb lattice: The NN hopping amplitudes t1 are real

(solid lines) and the NNN hopping amplitudes are t2e
i2πΦ/Φ0

in the direction of the arrow (dotted lines). The flux 3Φ
and −Φ penetrate the dark shaded region and each of the

light shaded regions, respectively. For Φ = π/3, the model

is gauge equivalent to having one flux quantum per unit cell.

(b) The chiral-π-flux on the square lattice, where the unit cell

corresponds to the shaded area. The NN hopping amplitudes

are t1e
iπ/4

in the direction of the arrow (solid lines) and the

NNN hopping amplitudes are t2 and −t2 along the dashed and

dotted lines, respectively. (c) The band structure of Haldane’s

model for cosΦ = 1/(4t2) = 3

�
3/43 with the flatness ratio

1/7. (d) The band structure of the chiral-π-flux for t1/t2 =√
2 with the flatness ratio 1/5. The lower bands can be made

exactly flat by adding longer range hoppings.

To enhance the effect of interactions, highly degener-

ate (i.e., flat) bands are desirable. It is always possible to

deform the Bloch Hamiltonian (1a) so as to have one flat

band with the energy −1, say, while preserving the eigen-

spinors χ±,k (1c). Indeed, this is achieved by turning the

Bloch Hamiltonian (1a) into

H
flat
k :=

Hk

ε−,k

. (5)

Note that whenever B0,k ≡ 0, the Hamiltonian (1a) has

the spectral symmetry ε+,k = −ε−,k so that both bands

of Hflat
k = �Bk ·σ are completely flat. This spectral sym-

metry applies to the chiral-π-flux (3) but not to Haldane’s

model (2) unless Φ = ±π/2.
Generically,Hflat

k follows from a lattice model for which

t2
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Can one flatten bands with a Chern number?

T. Neupert, L. Santos, C. Chamon, and C. Mudry, PRL 2011

E. Tang, J. W. Mei, and X. G. Wen, PRL 2011

K. Sun, Z. Gu, H. Katsura, and S. Das Sarma, PRL 2011

YES!
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connecting NN and the vectors bt1 =

at
2−at
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2 = at

3−at
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t
3 = at

1−at
2 connecting NNN from

the honeycomb lattice depicted in Fig. 1(a). We denote

with k a wave vector from the BZ of the reciprocal lattice

dual to the triangular lattice spanned by b1 and b2, say.
The model is then defined by the Bloch Hamiltonian [1]

B0,k := 2t2 cosΦ
3�

i=1

cosk · bi, (2a)

Bk :=

3�
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 , (2b)

where t1 ≥ 0 and t2 ≥ 0 are NN and NNN hop-

ping amplitudes, respectively, and the real numbers ±Φ
are the magnetic fluxes penetrating the two halves of

the hexagonal unit cell. For t1 � t2, the gap ∆ ≡
minkε+,k − maxkε−,k is proportional to t2. The width

of the lower band is δ− ≡ maxkε−,k − minkε−,k. The

flatness ratio δ−/∆ is extremal for the choice cosΦ =
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square lattice as depicted in Fig. 1(b). We denote with

kt
=
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kx, ky

�
a wave vector from the BZ of the recipro-

cal lattice dual to the square lattice spanned by x and y.
The model is then defined by the Bloch Hamiltonian [12]

B0,k := 0, (3a)
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−iπ/4
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1 + e+i(ky−kx)
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(3b)

+ t1 e
+iπ/4
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e−ikx + e+iky

�
,

B3,k := 2t2
�
cos kx − cos ky

�
, (3c)

where t1 ≥ 0 and t2 ≥ 0 are NN and NNN hopping ampli-

tudes, respectively. The flatness ratio δ−/∆ is extremal

for the choice t1/t2 =
√
2, yielding two almost flat bands

with δ−/∆ ≈ 1/5 [see Fig. 1(d)].

The first Chern-numbers for the bands labeled by ± in

Eq. (1c) are given by

C± = ∓
�

k∈BZ

d
2k

4π
�µν

�
∂kµ

cos θ(k)
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∂kν
φ(k)

�
. (4)

They have opposite signs if non-zero. All the information

about the topology of the Bloch bands of a gaped sys-

tem is encoded in the single-particle wave functions. For

example, first Chern numbers depend solely on the eigen-

functions. Haldane’s model (2) and the chiral-π-flux (3)

are topologically equivalent in the sense that both have

two bands with Chern numbers ±1.
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honeycomb lattice: The NN hopping amplitudes t1 are real

(solid lines) and the NNN hopping amplitudes are t2e
i2πΦ/Φ0

in the direction of the arrow (dotted lines). The flux 3Φ
and −Φ penetrate the dark shaded region and each of the

light shaded regions, respectively. For Φ = π/3, the model

is gauge equivalent to having one flux quantum per unit cell.

(b) The chiral-π-flux on the square lattice, where the unit cell

corresponds to the shaded area. The NN hopping amplitudes

are t1e
iπ/4

in the direction of the arrow (solid lines) and the

NNN hopping amplitudes are t2 and −t2 along the dashed and

dotted lines, respectively. (c) The band structure of Haldane’s

model for cosΦ = 1/(4t2) = 3

�
3/43 with the flatness ratio

1/7. (d) The band structure of the chiral-π-flux for t1/t2 =√
2 with the flatness ratio 1/5. The lower bands can be made

exactly flat by adding longer range hoppings.

To enhance the effect of interactions, highly degener-

ate (i.e., flat) bands are desirable. It is always possible to

deform the Bloch Hamiltonian (1a) so as to have one flat

band with the energy −1, say, while preserving the eigen-

spinors χ±,k (1c). Indeed, this is achieved by turning the

Bloch Hamiltonian (1a) into

H
flat
k :=

Hk

ε−,k

. (5)

Note that whenever B0,k ≡ 0, the Hamiltonian (1a) has

the spectral symmetry ε+,k = −ε−,k so that both bands

of Hflat
k = �Bk ·σ are completely flat. This spectral sym-

metry applies to the chiral-π-flux (3) but not to Haldane’s

model (2) unless Φ = ±π/2.
Generically,Hflat

k follows from a lattice model for which

σxy = −1

σxy = +1

t2/t1 =
√

43
12
√

3
≈ 0.315495 cos Φ =

1
4

t1
t2

δ−/∆ = 1/7

Quantum Hall effect w/o Landau levels
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where t1 ≥ 0 and t2 ≥ 0 are NN and NNN hop-

ping amplitudes, respectively, and the real numbers ±Φ
are the magnetic fluxes penetrating the two halves of

the hexagonal unit cell. For t1 � t2, the gap ∆ ≡
minkε+,k − maxkε−,k is proportional to t2. The width
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with δ−/∆ ≈ 1/5 [see Fig. 1(d)].

The first Chern-numbers for the bands labeled by ± in

Eq. (1c) are given by

C± = ∓
�

k∈BZ

d
2k

4π
�µν

�
∂kµ

cos θ(k)
� �

∂kν
φ(k)

�
. (4)

They have opposite signs if non-zero. All the information

about the topology of the Bloch bands of a gaped sys-

tem is encoded in the single-particle wave functions. For

example, first Chern numbers depend solely on the eigen-

functions. Haldane’s model (2) and the chiral-π-flux (3)

are topologically equivalent in the sense that both have

two bands with Chern numbers ±1.

k
x

k
y

ε/t
1

0

0 0

2

k
x

k
y

ε/t
1

0

0 0

–2

2

B
i

A
i

A
i

B
i

a) b)

c)

d)

4π

3
√
3

− 4π

3
√
3 − 2π

3

2π

3

π
− π

− π

π

FIG. 1. (Color online) (a) Unit cell of Haldane’s model on the

honeycomb lattice: The NN hopping amplitudes t1 are real

(solid lines) and the NNN hopping amplitudes are t2e
i2πΦ/Φ0

in the direction of the arrow (dotted lines). The flux 3Φ
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is gauge equivalent to having one flux quantum per unit cell.
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2 with the flatness ratio 1/5. The lower bands can be made
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To enhance the effect of interactions, highly degener-

ate (i.e., flat) bands are desirable. It is always possible to

deform the Bloch Hamiltonian (1a) so as to have one flat

band with the energy −1, say, while preserving the eigen-

spinors χ±,k (1c). Indeed, this is achieved by turning the

Bloch Hamiltonian (1a) into

H
flat
k :=

Hk

ε−,k

. (5)

Note that whenever B0,k ≡ 0, the Hamiltonian (1a) has

the spectral symmetry ε+,k = −ε−,k so that both bands

of Hflat
k = �Bk ·σ are completely flat. This spectral sym-

metry applies to the chiral-π-flux (3) but not to Haldane’s

model (2) unless Φ = ±π/2.
Generically,Hflat

k follows from a lattice model for which
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The model is then defined by the Bloch Hamiltonian [1]
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Bk :=
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
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−2t2 sinΦ sink · bi



 , (2b)

where t1 ≥ 0 and t2 ≥ 0 are NN and NNN hop-

ping amplitudes, respectively, and the real numbers ±Φ
are the magnetic fluxes penetrating the two halves of

the hexagonal unit cell. For t1 � t2, the gap ∆ ≡
minkε+,k − maxkε−,k is proportional to t2. The width

of the lower band is δ− ≡ maxkε−,k − minkε−,k. The

flatness ratio δ−/∆ is extremal for the choice cosΦ =

t1/(4t2) = 3

�
3/43, yielding an almost flat lower band

with δ−/∆ = 1/7 [see Fig. 1(c)]. Example 2: The square

lattice. We introduce the vectors xt ≡
�
1/

√
2, 1/

√
2
�
,

and yt ≡
�
−1/

√
2, 1/

√
2
�

connecting NNN from the

square lattice as depicted in Fig. 1(b). We denote with

kt
=

�
kx, ky

�
a wave vector from the BZ of the recipro-

cal lattice dual to the square lattice spanned by x and y.
The model is then defined by the Bloch Hamiltonian [12]

B0,k := 0, (3a)

B1,k + iB2,k := t1 e
−iπ/4

�
1 + e+i(ky−kx)

�
(3b)

+ t1 e
+iπ/4

�
e−ikx + e+iky

�
,

B3,k := 2t2
�
cos kx − cos ky

�
, (3c)

where t1 ≥ 0 and t2 ≥ 0 are NN and NNN hopping ampli-

tudes, respectively. The flatness ratio δ−/∆ is extremal

for the choice t1/t2 =
√
2, yielding two almost flat bands

with δ−/∆ ≈ 1/5 [see Fig. 1(d)].

The first Chern-numbers for the bands labeled by ± in

Eq. (1c) are given by

C± = ∓
�

k∈BZ

d
2k

4π
�µν

�
∂kµ

cos θ(k)
� �

∂kν
φ(k)

�
. (4)

They have opposite signs if non-zero. All the information

about the topology of the Bloch bands of a gaped sys-

tem is encoded in the single-particle wave functions. For

example, first Chern numbers depend solely on the eigen-

functions. Haldane’s model (2) and the chiral-π-flux (3)

are topologically equivalent in the sense that both have

two bands with Chern numbers ±1.
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FIG. 1. (Color online) (a) Unit cell of Haldane’s model on the

honeycomb lattice: The NN hopping amplitudes t1 are real

(solid lines) and the NNN hopping amplitudes are t2e
i2πΦ/Φ0

in the direction of the arrow (dotted lines). The flux 3Φ
and −Φ penetrate the dark shaded region and each of the

light shaded regions, respectively. For Φ = π/3, the model

is gauge equivalent to having one flux quantum per unit cell.

(b) The chiral-π-flux on the square lattice, where the unit cell

corresponds to the shaded area. The NN hopping amplitudes

are t1e
iπ/4

in the direction of the arrow (solid lines) and the

NNN hopping amplitudes are t2 and −t2 along the dashed and

dotted lines, respectively. (c) The band structure of Haldane’s

model for cosΦ = 1/(4t2) = 3

�
3/43 with the flatness ratio

1/7. (d) The band structure of the chiral-π-flux for t1/t2 =√
2 with the flatness ratio 1/5. The lower bands can be made

exactly flat by adding longer range hoppings.

To enhance the effect of interactions, highly degener-

ate (i.e., flat) bands are desirable. It is always possible to

deform the Bloch Hamiltonian (1a) so as to have one flat

band with the energy −1, say, while preserving the eigen-

spinors χ±,k (1c). Indeed, this is achieved by turning the

Bloch Hamiltonian (1a) into

H
flat
k :=

Hk

ε−,k

. (5)

Note that whenever B0,k ≡ 0, the Hamiltonian (1a) has

the spectral symmetry ε+,k = −ε−,k so that both bands

of Hflat
k = �Bk ·σ are completely flat. This spectral sym-

metry applies to the chiral-π-flux (3) but not to Haldane’s

model (2) unless Φ = ±π/2.
Generically,Hflat

k follows from a lattice model for which

σxy = −1

σxy = +1

t2/t1 =
1√
2

δ−/∆ ≈ 1/5

Quantum Hall effect w/o Landau levels
2

Two examples of Hamiltonians of the the form (1a) are

the following. Example 1: The honeycomb lattice. We

introduce the vectors at
1 = (0,−1), at

2 =
�√

3/2, 1/2
�
,

at
3 =

�
−
√
3/2, 1/2

�
connecting NN and the vectors bt1 =

at
2−at

3, b
t
2 = at

3−at
1, b

t
3 = at

1−at
2 connecting NNN from

the honeycomb lattice depicted in Fig. 1(a). We denote

with k a wave vector from the BZ of the reciprocal lattice

dual to the triangular lattice spanned by b1 and b2, say.
The model is then defined by the Bloch Hamiltonian [1]

B0,k := 2t2 cosΦ
3�

i=1

cosk · bi, (2a)

Bk :=

3�

i=1




t1 cosk · ai
t1 sink · ai

−2t2 sinΦ sink · bi



 , (2b)

where t1 ≥ 0 and t2 ≥ 0 are NN and NNN hop-

ping amplitudes, respectively, and the real numbers ±Φ
are the magnetic fluxes penetrating the two halves of

the hexagonal unit cell. For t1 � t2, the gap ∆ ≡
minkε+,k − maxkε−,k is proportional to t2. The width

of the lower band is δ− ≡ maxkε−,k − minkε−,k. The

flatness ratio δ−/∆ is extremal for the choice cosΦ =

t1/(4t2) = 3

�
3/43, yielding an almost flat lower band

with δ−/∆ = 1/7 [see Fig. 1(c)]. Example 2: The square

lattice. We introduce the vectors xt ≡
�
1/

√
2, 1/

√
2
�
,

and yt ≡
�
−1/

√
2, 1/

√
2
�

connecting NNN from the

square lattice as depicted in Fig. 1(b). We denote with

kt
=

�
kx, ky

�
a wave vector from the BZ of the recipro-

cal lattice dual to the square lattice spanned by x and y.
The model is then defined by the Bloch Hamiltonian [12]

B0,k := 0, (3a)

B1,k + iB2,k := t1 e
−iπ/4

�
1 + e+i(ky−kx)

�
(3b)

+ t1 e
+iπ/4

�
e−ikx + e+iky

�
,

B3,k := 2t2
�
cos kx − cos ky

�
, (3c)

where t1 ≥ 0 and t2 ≥ 0 are NN and NNN hopping ampli-

tudes, respectively. The flatness ratio δ−/∆ is extremal

for the choice t1/t2 =
√
2, yielding two almost flat bands

with δ−/∆ ≈ 1/5 [see Fig. 1(d)].

The first Chern-numbers for the bands labeled by ± in

Eq. (1c) are given by

C± = ∓
�

k∈BZ

d
2k

4π
�µν

�
∂kµ

cos θ(k)
� �

∂kν
φ(k)

�
. (4)

They have opposite signs if non-zero. All the information

about the topology of the Bloch bands of a gaped sys-

tem is encoded in the single-particle wave functions. For

example, first Chern numbers depend solely on the eigen-

functions. Haldane’s model (2) and the chiral-π-flux (3)

are topologically equivalent in the sense that both have

two bands with Chern numbers ±1.
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FIG. 1. (Color online) (a) Unit cell of Haldane’s model on the

honeycomb lattice: The NN hopping amplitudes t1 are real

(solid lines) and the NNN hopping amplitudes are t2e
i2πΦ/Φ0

in the direction of the arrow (dotted lines). The flux 3Φ
and −Φ penetrate the dark shaded region and each of the

light shaded regions, respectively. For Φ = π/3, the model

is gauge equivalent to having one flux quantum per unit cell.

(b) The chiral-π-flux on the square lattice, where the unit cell

corresponds to the shaded area. The NN hopping amplitudes

are t1e
iπ/4

in the direction of the arrow (solid lines) and the

NNN hopping amplitudes are t2 and −t2 along the dashed and

dotted lines, respectively. (c) The band structure of Haldane’s

model for cosΦ = 1/(4t2) = 3

�
3/43 with the flatness ratio

1/7. (d) The band structure of the chiral-π-flux for t1/t2 =√
2 with the flatness ratio 1/5. The lower bands can be made

exactly flat by adding longer range hoppings.

To enhance the effect of interactions, highly degener-

ate (i.e., flat) bands are desirable. It is always possible to

deform the Bloch Hamiltonian (1a) so as to have one flat

band with the energy −1, say, while preserving the eigen-

spinors χ±,k (1c). Indeed, this is achieved by turning the

Bloch Hamiltonian (1a) into

H
flat
k :=

Hk

ε−,k

. (5)

Note that whenever B0,k ≡ 0, the Hamiltonian (1a) has

the spectral symmetry ε+,k = −ε−,k so that both bands

of Hflat
k = �Bk ·σ are completely flat. This spectral sym-

metry applies to the chiral-π-flux (3) but not to Haldane’s

model (2) unless Φ = ±π/2.
Generically,Hflat

k follows from a lattice model for which
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Can one get perfectly flat bands?

2

Two examples of Hamiltonians of the the form (1a) are

the following. Example 1: The honeycomb lattice. We

introduce the vectors at
1 = (0,−1), at

2 =
�√

3/2, 1/2
�
,

at
3 =

�
−
√
3/2, 1/2

�
connecting NN and the vectors bt1 =

at
2−at

3, b
t
2 = at

3−at
1, b

t
3 = at

1−at
2 connecting NNN from

the honeycomb lattice depicted in Fig. 1(a). We denote

with k a wave vector from the BZ of the reciprocal lattice

dual to the triangular lattice spanned by b1 and b2, say.
The model is then defined by the Bloch Hamiltonian [1]

B0,k := 2t2 cosΦ
3�

i=1

cosk · bi, (2a)

Bk :=

3�

i=1




t1 cosk · ai
t1 sink · ai

−2t2 sinΦ sink · bi



 , (2b)

where t1 ≥ 0 and t2 ≥ 0 are NN and NNN hop-

ping amplitudes, respectively, and the real numbers ±Φ
are the magnetic fluxes penetrating the two halves of

the hexagonal unit cell. For t1 � t2, the gap ∆ ≡
minkε+,k − maxkε−,k is proportional to t2. The width

of the lower band is δ− ≡ maxkε−,k − minkε−,k. The

flatness ratio δ−/∆ is extremal for the choice cosΦ =

t1/(4t2) = 3
�
3/43, yielding an almost flat lower band

with δ−/∆ = 1/7 [see Fig. 1(c)]. Example 2: The square

lattice. We introduce the vectors xt ≡
�
1/

√
2, 1/

√
2
�
,

and yt ≡
�
−1/

√
2, 1/

√
2
�

connecting NNN from the

square lattice as depicted in Fig. 1(b). We denote with

kt
=

�
kx, ky

�
a wave vector from the BZ of the recipro-

cal lattice dual to the square lattice spanned by x and y.
The model is then defined by the Bloch Hamiltonian [12]

B0,k := 0, (3a)

B1,k + iB2,k := t1 e
−iπ/4

�
1 + e+i(ky−kx)

�
(3b)

+ t1 e
+iπ/4

�
e−ikx + e+iky

�
,

B3,k := 2t2
�
cos kx − cos ky

�
, (3c)

where t1 ≥ 0 and t2 ≥ 0 are NN and NNN hopping ampli-

tudes, respectively. The flatness ratio δ−/∆ is extremal

for the choice t1/t2 =
√
2, yielding two almost flat bands

with δ−/∆ ≈ 1/5 [see Fig. 1(d)].

The first Chern-numbers for the bands labeled by ± in

Eq. (1c) are given by

C± = ∓
�

k∈BZ

d
2k

4π
�µν

�
∂kµ

cos θ(k)
� �

∂kν
φ(k)

�
. (4)

They have opposite signs if non-zero. All the information

about the topology of the Bloch bands of a gaped sys-

tem is encoded in the single-particle wave functions. For

example, first Chern numbers depend solely on the eigen-

functions. Haldane’s model (2) and the chiral-π-flux (3)

are topologically equivalent in the sense that both have

two bands with Chern numbers ±1.
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FIG. 1. (Color online) (a) Unit cell of Haldane’s model on the

honeycomb lattice: The NN hopping amplitudes t1 are real

(solid lines) and the NNN hopping amplitudes are t2e
i2πΦ/Φ0

in the direction of the arrow (dotted lines). The flux 3Φ
and −Φ penetrate the dark shaded region and each of the

light shaded regions, respectively. For Φ = π/3, the model

is gauge equivalent to having one flux quantum per unit cell.

(b) The chiral-π-flux on the square lattice, where the unit cell

corresponds to the shaded area. The NN hopping amplitudes

are t1e
iπ/4

in the direction of the arrow (solid lines) and the

NNN hopping amplitudes are t2 and −t2 along the dashed and

dotted lines, respectively. (c) The band structure of Haldane’s

model for cosΦ = 1/(4t2) = 3

�
3/43 with the flatness ratio

1/7. (d) The band structure of the chiral-π-flux for t1/t2 =√
2 with the flatness ratio 1/5. The lower bands can be made

exactly flat by adding longer range hoppings.

To enhance the effect of interactions, highly degener-

ate (i.e., flat) bands are desirable. It is always possible to

deform the Bloch Hamiltonian (1a) so as to have one flat

band with the energy −1, say, while preserving the eigen-

spinors χ±,k (1c). Indeed, this is achieved by turning the

Bloch Hamiltonian (1a) into

H
flat
k :=

Hk

ε−,k

. (5)

Note that whenever B0,k ≡ 0, the Hamiltonian (1a) has

the spectral symmetry ε+,k = −ε−,k so that both bands

of Hflat
k = �Bk ·σ are completely flat. This spectral sym-

metry applies to the chiral-π-flux (3) but not to Haldane’s

model (2) unless Φ = ±π/2.
Generically,Hflat

k follows from a lattice model for which

H0 =
�

k∈BZ

ψ†
kHkψk, Hk = Bk · σ

H
flat
k :=

Hk

|ε−,k|
⇒ In real space, hoppings decay exponentially with distance

ψ†
k =

�
c†k,A, c†k,B

�

2

Two examples of Hamiltonians of the the form (1a) are

the following. Example 1: The honeycomb lattice. We

introduce the vectors at
1 = (0,−1), at

2 =
�√

3/2, 1/2
�
,

at
3 =

�
−
√
3/2, 1/2

�
connecting NN and the vectors bt1 =

at
2−at

3, b
t
2 = at

3−at
1, b

t
3 = at

1−at
2 connecting NNN from

the honeycomb lattice depicted in Fig. 1(a). We denote

with k a wave vector from the BZ of the reciprocal lattice

dual to the triangular lattice spanned by b1 and b2, say.
The model is then defined by the Bloch Hamiltonian [1]

B0,k := 2t2 cosΦ
3�

i=1

cosk · bi, (2a)

Bk :=

3�

i=1




t1 cosk · ai
t1 sink · ai

−2t2 sinΦ sink · bi



 , (2b)

where t1 ≥ 0 and t2 ≥ 0 are NN and NNN hop-

ping amplitudes, respectively, and the real numbers ±Φ
are the magnetic fluxes penetrating the two halves of

the hexagonal unit cell. For t1 � t2, the gap ∆ ≡
minkε+,k − maxkε−,k is proportional to t2. The width

of the lower band is δ− ≡ maxkε−,k − minkε−,k. The

flatness ratio δ−/∆ is extremal for the choice cosΦ =

t1/(4t2) = 3

�
3/43, yielding an almost flat lower band

with δ−/∆ = 1/7 [see Fig. 1(c)]. Example 2: The square

lattice. We introduce the vectors xt ≡
�
1/

√
2, 1/

√
2
�
,

and yt ≡
�
−1/

√
2, 1/

√
2
�

connecting NNN from the

square lattice as depicted in Fig. 1(b). We denote with

kt
=

�
kx, ky

�
a wave vector from the BZ of the recipro-

cal lattice dual to the square lattice spanned by x and y.
The model is then defined by the Bloch Hamiltonian [12]

B0,k := 0, (3a)

B1,k + iB2,k := t1 e
−iπ/4

�
1 + e+i(ky−kx)

�
(3b)

+ t1 e
+iπ/4

�
e−ikx + e+iky

�
,

B3,k := 2t2
�
cos kx − cos ky

�
, (3c)

where t1 ≥ 0 and t2 ≥ 0 are NN and NNN hopping ampli-

tudes, respectively. The flatness ratio δ−/∆ is extremal

for the choice t1/t2 =
√
2, yielding two almost flat bands

with δ−/∆ ≈ 1/5 [see Fig. 1(d)].

The first Chern-numbers for the bands labeled by ± in

Eq. (1c) are given by

C± = ∓
�

k∈BZ

d
2k

4π
�µν

�
∂kµ

cos θ(k)
� �

∂kν
φ(k)

�
. (4)

They have opposite signs if non-zero. All the information

about the topology of the Bloch bands of a gaped sys-

tem is encoded in the single-particle wave functions. For

example, first Chern numbers depend solely on the eigen-

functions. Haldane’s model (2) and the chiral-π-flux (3)

are topologically equivalent in the sense that both have

two bands with Chern numbers ±1.
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FIG. 1. (Color online) (a) Unit cell of Haldane’s model on the

honeycomb lattice: The NN hopping amplitudes t1 are real

(solid lines) and the NNN hopping amplitudes are t2e
i2πΦ/Φ0

in the direction of the arrow (dotted lines). The flux 3Φ
and −Φ penetrate the dark shaded region and each of the

light shaded regions, respectively. For Φ = π/3, the model

is gauge equivalent to having one flux quantum per unit cell.

(b) The chiral-π-flux on the square lattice, where the unit cell

corresponds to the shaded area. The NN hopping amplitudes

are t1e
iπ/4

in the direction of the arrow (solid lines) and the

NNN hopping amplitudes are t2 and −t2 along the dashed and

dotted lines, respectively. (c) The band structure of Haldane’s

model for cosΦ = 1/(4t2) = 3

�
3/43 with the flatness ratio

1/7. (d) The band structure of the chiral-π-flux for t1/t2 =√
2 with the flatness ratio 1/5. The lower bands can be made

exactly flat by adding longer range hoppings.

To enhance the effect of interactions, highly degener-

ate (i.e., flat) bands are desirable. It is always possible to

deform the Bloch Hamiltonian (1a) so as to have one flat

band with the energy −1, say, while preserving the eigen-

spinors χ±,k (1c). Indeed, this is achieved by turning the

Bloch Hamiltonian (1a) into

H
flat
k :=

Hk

ε−,k

. (5)

Note that whenever B0,k ≡ 0, the Hamiltonian (1a) has

the spectral symmetry ε+,k = −ε−,k so that both bands

of Hflat
k = �Bk ·σ are completely flat. This spectral sym-

metry applies to the chiral-π-flux (3) but not to Haldane’s

model (2) unless Φ = ±π/2.
Generically,Hflat

k follows from a lattice model for which
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Add interactions 2

Two examples of Hamiltonians of the the form (1a) are

the following. Example 1: The honeycomb lattice. We

introduce the vectors at
1 = (0,−1), at

2 =
�√

3/2, 1/2
�
,

at
3 =

�
−
√
3/2, 1/2

�
connecting NN and the vectors bt1 =

at
2−at

3, b
t
2 = at

3−at
1, b

t
3 = at

1−at
2 connecting NNN from

the honeycomb lattice depicted in Fig. 1(a). We denote

with k a wave vector from the BZ of the reciprocal lattice

dual to the triangular lattice spanned by b1 and b2, say.
The model is then defined by the Bloch Hamiltonian [1]

B0,k := 2t2 cosΦ
3�

i=1

cosk · bi, (2a)

Bk :=

3�

i=1




t1 cosk · ai
t1 sink · ai

−2t2 sinΦ sink · bi



 , (2b)

where t1 ≥ 0 and t2 ≥ 0 are NN and NNN hop-

ping amplitudes, respectively, and the real numbers ±Φ
are the magnetic fluxes penetrating the two halves of

the hexagonal unit cell. For t1 � t2, the gap ∆ ≡
minkε+,k − maxkε−,k is proportional to t2. The width

of the lower band is δ− ≡ maxkε−,k − minkε−,k. The

flatness ratio δ−/∆ is extremal for the choice cosΦ =

t1/(4t2) = 3

�
3/43, yielding an almost flat lower band

with δ−/∆ = 1/7 [see Fig. 1(c)]. Example 2: The square

lattice. We introduce the vectors xt ≡
�
1/

√
2, 1/

√
2
�
,

and yt ≡
�
−1/

√
2, 1/

√
2
�

connecting NNN from the

square lattice as depicted in Fig. 1(b). We denote with

kt
=

�
kx, ky

�
a wave vector from the BZ of the recipro-

cal lattice dual to the square lattice spanned by x and y.
The model is then defined by the Bloch Hamiltonian [12]

B0,k := 0, (3a)

B1,k + iB2,k := t1 e
−iπ/4

�
1 + e+i(ky−kx)

�
(3b)

+ t1 e
+iπ/4

�
e−ikx + e+iky

�
,

B3,k := 2t2
�
cos kx − cos ky

�
, (3c)

where t1 ≥ 0 and t2 ≥ 0 are NN and NNN hopping ampli-

tudes, respectively. The flatness ratio δ−/∆ is extremal

for the choice t1/t2 =
√
2, yielding two almost flat bands

with δ−/∆ ≈ 1/5 [see Fig. 1(d)].

The first Chern-numbers for the bands labeled by ± in

Eq. (1c) are given by

C± = ∓
�

k∈BZ

d
2k

4π
�µν

�
∂kµ

cos θ(k)
� �

∂kν
φ(k)

�
. (4)

They have opposite signs if non-zero. All the information

about the topology of the Bloch bands of a gaped sys-

tem is encoded in the single-particle wave functions. For

example, first Chern numbers depend solely on the eigen-

functions. Haldane’s model (2) and the chiral-π-flux (3)

are topologically equivalent in the sense that both have

two bands with Chern numbers ±1.
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FIG. 1. (Color online) (a) Unit cell of Haldane’s model on the

honeycomb lattice: The NN hopping amplitudes t1 are real

(solid lines) and the NNN hopping amplitudes are t2e
i2πΦ/Φ0

in the direction of the arrow (dotted lines). The flux 3Φ
and −Φ penetrate the dark shaded region and each of the

light shaded regions, respectively. For Φ = π/3, the model

is gauge equivalent to having one flux quantum per unit cell.

(b) The chiral-π-flux on the square lattice, where the unit cell

corresponds to the shaded area. The NN hopping amplitudes

are t1e
iπ/4

in the direction of the arrow (solid lines) and the

NNN hopping amplitudes are t2 and −t2 along the dashed and

dotted lines, respectively. (c) The band structure of Haldane’s

model for cosΦ = 1/(4t2) = 3

�
3/43 with the flatness ratio

1/7. (d) The band structure of the chiral-π-flux for t1/t2 =√
2 with the flatness ratio 1/5. The lower bands can be made

exactly flat by adding longer range hoppings.

To enhance the effect of interactions, highly degener-

ate (i.e., flat) bands are desirable. It is always possible to

deform the Bloch Hamiltonian (1a) so as to have one flat

band with the energy −1, say, while preserving the eigen-

spinors χ±,k (1c). Indeed, this is achieved by turning the

Bloch Hamiltonian (1a) into

H
flat
k :=

Hk

ε−,k

. (5)

Note that whenever B0,k ≡ 0, the Hamiltonian (1a) has

the spectral symmetry ε+,k = −ε−,k so that both bands

of Hflat
k = �Bk ·σ are completely flat. This spectral sym-

metry applies to the chiral-π-flux (3) but not to Haldane’s

model (2) unless Φ = ±π/2.
Generically,Hflat

k follows from a lattice model for which

Hint :=
1
2

�

i,j

ρiVi,jρj ≡ V

�

�ij�

ρiρj , V > 0
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Chern insulator: exact diagonalization
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FIG. 2. (Color online) (a) The lowest eigenvalues of Hflat
0 +

Hint for the chiral π-flux phase obtained from exact diago-
nalization for 6 particles on a 3 × 6 sublattice A (1/3 fill-
ing), normalized by the bandwidth Eb. The parameters t2

and µs of Hflat
0 interpolate between topological (|t2| > |µs|)

and nontopological (|t2| < |µs|) single-particle bands. Here,
g := (2/π) arctan |t2/µs| and the energies are measured rela-
tive to the energy of the single-particle band. (b) The lowest
eigenvalues in the center of mass momentum sector of the
ground state of Hflat

0 +Hint with twisted boundary conditions
as a function of the twisting angle γx for µs = 0, t2 = t1/

√
2.

The level crossings indicate the topological nontrivial nature
of the three lowest states. (c) Same as (b), but for µs = t1/

√
2,

t2 = 0. The ground state is topologically trivial.

consequence, their topological degeneracy is lifted and a
unique ground state appears. We can now use twisted
boundary conditions to probe the topological nature of
the ground state: varying γx between 0 and 2π is equiv-
alent to the adiabatic insertion of a flux quantum in the
system. During this process, a topological ground state
with C = 1/3 should undergo two level crossings with the
other two gapped topological states [17]. Indeed, we find
these level crossings for the gapped ground state when the
model has topological single-particle bands [Fig. 2(b)],
whereas no level crossings are found otherwise [Fig. 2(c)].

(ii) We have also calculated the Chern number of the
gapped ground state for µs = 0, t2 = t1/

√
2 with the

two equivalent formulas (9a) and (9b). We find C =
0.29 and �C = 0.30 and attribute the deviations from
C = 1/3 to the limitations of the small system size. For
the topological trivial model with µs = t1/

√
2, t2 = 0,

we find that C and �C vanish to a precision of 10−6 and
10−3, respectively.

In summary, we have proposed a simple recipe to de-

form any noninteracting lattice model so as to obtain
flatbands, while preserving locality. We flattened the
bands of the chiral π-flux phase and then lifted the result-
ing macroscopic ground state degeneracy with repulsive
interactions. Via exact diagonalization, we have shown
that a FQH-like topological ground state is obtained at
1/3 filling. This ground state, that is not well described
by Laughlin-type wavefunctions, will be further studied
in future works.
We gratefully acknowledge Rudolf Morf, Maurizio

Storni, and Xiao-Gang Wen for useful discussions. This
work was supported in part by DOE Grant DEFG02-
06ER46316. TN and CM thank the Condensed Matter
Theory Visitors Program at Boston University for sup-
port.
Note added.— Recently, we became aware of Refs. [18,

19] in which similar topological flatband models are dis-
cussed. Subsequently, Ref. [20] appeared with exact diag-
onalization results that are consistent with our findings.
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S = S↑
CS + S↓

CS

Spin quantum Hall effect - two FQHE layers

Doubled model with opposite FQHE for each spin species 

B. A. Bernevig and S.-C. Zhang, Phys. Rev. Lett. 96, 106802 (2006).
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S ≡ 1
4π

�
dt d2x �µνρ Kij ai

µ ∂ν aj
ρ

K =
�

κ ∆
∆T −κ

�

κT = κ, ∆T = −∆

#GS =
����det

�
κ ∆

∆T −κ

����� =
����det

�
∆T −κ
κ ∆

�����

=
�
Pf

�
∆T −κ
κ ∆

��2

= [integer]2

Time-reversal symmetric Abelian fractional liquids

Abelian Chern-Simons actionν = 0 FQHE“          ”        

constraints from TRS

degeneracy on torus
for this subclass

T. Neupert, L. Santos, S. Ryu  C. Chamon, and C. Mudry PRB (2011)
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Hint := U

�

i∈Λ

ρi,↑ρi,↓ + V

�

�ij�∈Λ

�
ρi,↑ρj,↑ + ρi,↓ρj,↓ + 2λρi,↑ρj,↓

�

Lattice realization of time-reversal symmetric 
fractional topological liquids

2

Two examples of Hamiltonians of the the form (1a) are

the following. Example 1: The honeycomb lattice. We

introduce the vectors at
1 = (0,−1), at

2 =
�√

3/2, 1/2
�
,

at
3 =

�
−
√
3/2, 1/2

�
connecting NN and the vectors bt1 =

at
2−at

3, b
t
2 = at

3−at
1, b

t
3 = at

1−at
2 connecting NNN from

the honeycomb lattice depicted in Fig. 1(a). We denote

with k a wave vector from the BZ of the reciprocal lattice

dual to the triangular lattice spanned by b1 and b2, say.
The model is then defined by the Bloch Hamiltonian [1]

B0,k := 2t2 cosΦ
3�

i=1

cosk · bi, (2a)

Bk :=

3�

i=1




t1 cosk · ai
t1 sink · ai

−2t2 sinΦ sink · bi



 , (2b)

where t1 ≥ 0 and t2 ≥ 0 are NN and NNN hop-

ping amplitudes, respectively, and the real numbers ±Φ
are the magnetic fluxes penetrating the two halves of

the hexagonal unit cell. For t1 � t2, the gap ∆ ≡
minkε+,k − maxkε−,k is proportional to t2. The width

of the lower band is δ− ≡ maxkε−,k − minkε−,k. The

flatness ratio δ−/∆ is extremal for the choice cosΦ =

t1/(4t2) = 3

�
3/43, yielding an almost flat lower band

with δ−/∆ = 1/7 [see Fig. 1(c)]. Example 2: The square

lattice. We introduce the vectors xt ≡
�
1/

√
2, 1/

√
2
�
,

and yt ≡
�
−1/

√
2, 1/

√
2
�

connecting NNN from the

square lattice as depicted in Fig. 1(b). We denote with

kt
=

�
kx, ky

�
a wave vector from the BZ of the recipro-

cal lattice dual to the square lattice spanned by x and y.
The model is then defined by the Bloch Hamiltonian [12]

B0,k := 0, (3a)

B1,k + iB2,k := t1 e
−iπ/4

�
1 + e+i(ky−kx)

�
(3b)

+ t1 e
+iπ/4

�
e−ikx + e+iky

�
,

B3,k := 2t2
�
cos kx − cos ky

�
, (3c)

where t1 ≥ 0 and t2 ≥ 0 are NN and NNN hopping ampli-

tudes, respectively. The flatness ratio δ−/∆ is extremal

for the choice t1/t2 =
√
2, yielding two almost flat bands

with δ−/∆ ≈ 1/5 [see Fig. 1(d)].

The first Chern-numbers for the bands labeled by ± in

Eq. (1c) are given by

C± = ∓
�

k∈BZ

d
2k

4π
�µν

�
∂kµ

cos θ(k)
� �

∂kν
φ(k)

�
. (4)

They have opposite signs if non-zero. All the information

about the topology of the Bloch bands of a gaped sys-

tem is encoded in the single-particle wave functions. For

example, first Chern numbers depend solely on the eigen-

functions. Haldane’s model (2) and the chiral-π-flux (3)

are topologically equivalent in the sense that both have

two bands with Chern numbers ±1.
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FIG. 1. (Color online) (a) Unit cell of Haldane’s model on the

honeycomb lattice: The NN hopping amplitudes t1 are real

(solid lines) and the NNN hopping amplitudes are t2e
i2πΦ/Φ0

in the direction of the arrow (dotted lines). The flux 3Φ
and −Φ penetrate the dark shaded region and each of the

light shaded regions, respectively. For Φ = π/3, the model

is gauge equivalent to having one flux quantum per unit cell.

(b) The chiral-π-flux on the square lattice, where the unit cell

corresponds to the shaded area. The NN hopping amplitudes

are t1e
iπ/4

in the direction of the arrow (solid lines) and the

NNN hopping amplitudes are t2 and −t2 along the dashed and

dotted lines, respectively. (c) The band structure of Haldane’s

model for cosΦ = 1/(4t2) = 3

�
3/43 with the flatness ratio

1/7. (d) The band structure of the chiral-π-flux for t1/t2 =√
2 with the flatness ratio 1/5. The lower bands can be made

exactly flat by adding longer range hoppings.

To enhance the effect of interactions, highly degener-

ate (i.e., flat) bands are desirable. It is always possible to

deform the Bloch Hamiltonian (1a) so as to have one flat

band with the energy −1, say, while preserving the eigen-

spinors χ±,k (1c). Indeed, this is achieved by turning the

Bloch Hamiltonian (1a) into

H
flat
k :=

Hk

ε−,k

. (5)

Note that whenever B0,k ≡ 0, the Hamiltonian (1a) has

the spectral symmetry ε+,k = −ε−,k so that both bands

of Hflat
k = �Bk ·σ are completely flat. This spectral sym-

metry applies to the chiral-π-flux (3) but not to Haldane’s

model (2) unless Φ = ±π/2.
Generically,Hflat

k follows from a lattice model for which

2 copies of flatband models, 
with opposite chirality for       spins 

flattened Kane+Mele model

Add interactions

T. Neupert, L. Santos, S. Ryu  C. Chamon, and C. Mudry  PRB (2011); PRL (2011).
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Topological insulator: 1/2 filling
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FIG. 1. (color online). Numerical exact diagonalization re-

sults of Hamiltonian (2.1) for 16 electrons when sublattice A

is made of 3× 4 sites and with t2/t1 = 0.4. (a) Ground state

degeneracies. Denote with En the n-th lowest energy eigen-

value of the many-body spectrum where E1 is the many-body

ground state, i.e., En+1 ≥ En for n = 1, 2, · · · . Define the pa-

rameter � by �n := (En+1 − En)/(En − E1). If a large gap

En+1−En opens up between two consecutive levels En+1 and

En compared to the cumulative level splitting En − E1 be-

tween the first n many-body eigenstates induced by finite-size

effects, then the parameter �n is much larger than unity. The

parameter �n has been evaluated for n = 3 and n = 9, yielding

the blue and red regions, respectively. For all other n �= 1, no

regions with �n � O(1) of significant size were found. Within

the limited range of available system sizes, it is thus not pos-

sible to decide on whether and how the level-splitting above

the ground state in the white regions of the parameter space

extrapolates in the thermodynamic limit. (b)-(d) The lowest

eigenvalues with spin-dependent twisted boundary conditions

as a function of the twisting angle γx. The number of low-

lying states that are energetically separated from the other

states is 9, 3, and 3, respectively. In panel (c), it is the lowest

band parametrized by γx that is 3-fold degenerate.

sublattices A and B. The Hamiltonian

H = H
0
+H

int
(2.1)

decomposes into a quadratic part H
0
and an interacting

contribution H
int

.
First, let us define H

0
, which consists of two copies

of the π-flux phase with flat bands that was studied in
Ref. 30, one copy for each spin-1/2 species. We denote
with c

†
k,α,σ the creation operator for an electron with

lattice momentum k and spin σ =↑, ↓ in the sublattice
α = A,B and combine them in the sublattice-spinor

ψ†
k,σ :=

�
c
†
k,A,σ, c

†
k,B,σ

�
. Then, the second quantized

single-particle Hamiltonian reads

H
0
:=

�

k∈BZ

�
ψ†
k,↑

Bk · τ
|Bk|

ψk,↑ + ψ†
k,↓

B−k · τT

��B−k

�� ψk,↓

�
,

(2.2a)
where the 3-vector Bk is defined by

B
0,k := 0, (2.2b)

B
1,k + iB

2,k := t
1
e
−iπ/4

�
1 + e

+i(ky−kx)
�

+ t
1
e
+iπ/4

�
e
−ikx + e

+iky
�
, (2.2c)

B
3,k := 2t

2

�
cos kx − cos ky

�
, (2.2d)

and the three Pauli-matrices τ = (τ
1
, τ

2
, τ

3
) act on the

sublattice index. Here, t
1
and t

2
represent the nearest

neighbor (NN) and next-nearest neighbor (NNN) hop-
ping amplitudes. The Hamiltonian (2.2a) is only well
defined if t

2
�= 0.

One verifies that H
0
is both time-reversal symmetric

and invariant under U(1) spin-1/2 rotations. Indeed, the
time-reversal operation T acts on numbers as complex
conjugation and on the electron-operators as

ψ†
k,↑

T−→ +ψ†
−k,↓, ψ†

k,↓
T−→ −ψ†

−k,↑. (2.3)

The action of the U(1) spin-1/2 rotation Rγ by the angle
0 ≤ γ < 2π is given by

ψ†
k,↑

Rγ−→ e
+iγψ†

k,↑, ψ†
k,↓

Rγ−→ e
−iγψ†

k,↓. (2.4)

The spectrum of H
0
is gaped and comprises four dis-

persionless bands with the energy-eigenvalues

εk,σ,± = ±1, σ =↑, ↓ . (2.5)

Denoting the corresponding single-particle eigenstates by
χk,σ,±, σ =↑, ↓, we can define the spin-resolved first
Chern numbers for each of the two pairs of degenerate
single-particle bands as

C
s,± :=

1

2

�

k∈BZ

d2k

2πi
∇k ∧

�
χ†
k,↑,±∇kχk,↑,±

− χ†
k,↓,±∇kχk,↓,±

�
.

(2.6)

We find C
s,± = ±1. As a consequence, the non-

interacting model exhibits an IQSHE with spin-Hall con-
ductivity σSH

xy
= 2× e/(4π) if the chemical potential lies

in the single-particle spectral gap.
The repulsive interactions in this model are defined by

H
int

:=U

�

i∈Λ

ρi,↑ρi,↓

+ V

�

�ij�∈Λ

�
ρi,↑ρj,↑ + ρi,↓ρj,↓ + 2λρi,↑ρj,↓

�
,

(2.7)

Topological insulator: 2/3 filling

Hint := U

�

i∈Λ

ρi,↑ρi,↓ + V

�

�ij�∈Λ

�
ρi,↑ρj,↑ + ρi,↓ρj,↓ + 2λρi,↑ρj,↓

�
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FIG. 1. (color online). Numerical exact diagonalization re-

sults of Hamiltonian (2.1) for 16 electrons when sublattice A

is made of 3× 4 sites and with t2/t1 = 0.4. (a) Ground state

degeneracies. Denote with En the n-th lowest energy eigen-

value of the many-body spectrum where E1 is the many-body

ground state, i.e., En+1 ≥ En for n = 1, 2, · · · . Define the pa-

rameter � by �n := (En+1 − En)/(En − E1). If a large gap

En+1−En opens up between two consecutive levels En+1 and

En compared to the cumulative level splitting En − E1 be-

tween the first n many-body eigenstates induced by finite-size

effects, then the parameter �n is much larger than unity. The

parameter �n has been evaluated for n = 3 and n = 9, yielding

the blue and red regions, respectively. For all other n �= 1, no

regions with �n � O(1) of significant size were found. Within

the limited range of available system sizes, it is thus not pos-

sible to decide on whether and how the level-splitting above

the ground state in the white regions of the parameter space

extrapolates in the thermodynamic limit. (b)-(d) The lowest

eigenvalues with spin-dependent twisted boundary conditions

as a function of the twisting angle γx. The number of low-

lying states that are energetically separated from the other

states is 9, 3, and 3, respectively. In panel (c), it is the lowest

band parametrized by γx that is 3-fold degenerate.

sublattices A and B. The Hamiltonian

H = H
0
+H

int
(2.1)

decomposes into a quadratic part H
0
and an interacting

contribution H
int

.
First, let us define H

0
, which consists of two copies

of the π-flux phase with flat bands that was studied in
Ref. 30, one copy for each spin-1/2 species. We denote
with c

†
k,α,σ the creation operator for an electron with

lattice momentum k and spin σ =↑, ↓ in the sublattice
α = A,B and combine them in the sublattice-spinor

ψ†
k,σ :=

�
c
†
k,A,σ, c

†
k,B,σ

�
. Then, the second quantized

single-particle Hamiltonian reads

H
0
:=

�

k∈BZ

�
ψ†
k,↑

Bk · τ
|Bk|

ψk,↑ + ψ†
k,↓

B−k · τT

��B−k

�� ψk,↓

�
,

(2.2a)
where the 3-vector Bk is defined by

B
0,k := 0, (2.2b)

B
1,k + iB

2,k := t
1
e
−iπ/4

�
1 + e

+i(ky−kx)
�

+ t
1
e
+iπ/4

�
e
−ikx + e

+iky
�
, (2.2c)

B
3,k := 2t

2

�
cos kx − cos ky

�
, (2.2d)

and the three Pauli-matrices τ = (τ
1
, τ

2
, τ

3
) act on the

sublattice index. Here, t
1
and t

2
represent the nearest

neighbor (NN) and next-nearest neighbor (NNN) hop-
ping amplitudes. The Hamiltonian (2.2a) is only well
defined if t

2
�= 0.

One verifies that H
0
is both time-reversal symmetric

and invariant under U(1) spin-1/2 rotations. Indeed, the
time-reversal operation T acts on numbers as complex
conjugation and on the electron-operators as

ψ†
k,↑

T−→ +ψ†
−k,↓, ψ†

k,↓
T−→ −ψ†

−k,↑. (2.3)

The action of the U(1) spin-1/2 rotation Rγ by the angle
0 ≤ γ < 2π is given by

ψ†
k,↑

Rγ−→ e
+iγψ†

k,↑, ψ†
k,↓

Rγ−→ e
−iγψ†

k,↓. (2.4)

The spectrum of H
0
is gaped and comprises four dis-

persionless bands with the energy-eigenvalues

εk,σ,± = ±1, σ =↑, ↓ . (2.5)

Denoting the corresponding single-particle eigenstates by
χk,σ,±, σ =↑, ↓, we can define the spin-resolved first
Chern numbers for each of the two pairs of degenerate
single-particle bands as

C
s,± :=

1

2

�

k∈BZ

d2k

2πi
∇k ∧

�
χ†
k,↑,±∇kχk,↑,±

− χ†
k,↓,±∇kχk,↓,±

�
.

(2.6)

We find C
s,± = ±1. As a consequence, the non-

interacting model exhibits an IQSHE with spin-Hall con-
ductivity σSH

xy
= 2× e/(4π) if the chemical potential lies

in the single-particle spectral gap.
The repulsive interactions in this model are defined by

H
int

:=U

�

i∈Λ

ρi,↑ρi,↓

+ V

�

�ij�∈Λ

�
ρi,↑ρj,↑ + ρi,↓ρj,↓ + 2λρi,↑ρj,↓

�
,

(2.7)

Topological insulator: 2/3 filling

Hint := U

�

i∈Λ

ρi,↑ρi,↓ + V

�

�ij�∈Λ

�
ρi,↑ρj,↑ + ρi,↓ρj,↓ + 2λρi,↑ρj,↓

�
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FIG. 1. (color online). Numerical exact diagonalization re-

sults of Hamiltonian (2.1) for 16 electrons when sublattice A

is made of 3× 4 sites and with t2/t1 = 0.4. (a) Ground state

degeneracies. Denote with En the n-th lowest energy eigen-

value of the many-body spectrum where E1 is the many-body

ground state, i.e., En+1 ≥ En for n = 1, 2, · · · . Define the pa-

rameter � by �n := (En+1 − En)/(En − E1). If a large gap

En+1−En opens up between two consecutive levels En+1 and

En compared to the cumulative level splitting En − E1 be-

tween the first n many-body eigenstates induced by finite-size

effects, then the parameter �n is much larger than unity. The

parameter �n has been evaluated for n = 3 and n = 9, yielding

the blue and red regions, respectively. For all other n �= 1, no

regions with �n � O(1) of significant size were found. Within

the limited range of available system sizes, it is thus not pos-

sible to decide on whether and how the level-splitting above

the ground state in the white regions of the parameter space

extrapolates in the thermodynamic limit. (b)-(d) The lowest

eigenvalues with spin-dependent twisted boundary conditions

as a function of the twisting angle γx. The number of low-

lying states that are energetically separated from the other

states is 9, 3, and 3, respectively. In panel (c), it is the lowest

band parametrized by γx that is 3-fold degenerate.

sublattices A and B. The Hamiltonian

H = H
0
+H

int
(2.1)

decomposes into a quadratic part H
0
and an interacting

contribution H
int

.
First, let us define H

0
, which consists of two copies

of the π-flux phase with flat bands that was studied in
Ref. 30, one copy for each spin-1/2 species. We denote
with c

†
k,α,σ the creation operator for an electron with

lattice momentum k and spin σ =↑, ↓ in the sublattice
α = A,B and combine them in the sublattice-spinor

ψ†
k,σ :=

�
c
†
k,A,σ, c

†
k,B,σ

�
. Then, the second quantized

single-particle Hamiltonian reads

H
0
:=

�

k∈BZ

�
ψ†
k,↑

Bk · τ
|Bk|

ψk,↑ + ψ†
k,↓

B−k · τT

��B−k

�� ψk,↓

�
,

(2.2a)
where the 3-vector Bk is defined by

B
0,k := 0, (2.2b)

B
1,k + iB

2,k := t
1
e
−iπ/4

�
1 + e

+i(ky−kx)
�

+ t
1
e
+iπ/4

�
e
−ikx + e

+iky
�
, (2.2c)

B
3,k := 2t

2

�
cos kx − cos ky

�
, (2.2d)

and the three Pauli-matrices τ = (τ
1
, τ

2
, τ

3
) act on the

sublattice index. Here, t
1
and t

2
represent the nearest

neighbor (NN) and next-nearest neighbor (NNN) hop-
ping amplitudes. The Hamiltonian (2.2a) is only well
defined if t

2
�= 0.

One verifies that H
0
is both time-reversal symmetric

and invariant under U(1) spin-1/2 rotations. Indeed, the
time-reversal operation T acts on numbers as complex
conjugation and on the electron-operators as

ψ†
k,↑

T−→ +ψ†
−k,↓, ψ†

k,↓
T−→ −ψ†

−k,↑. (2.3)

The action of the U(1) spin-1/2 rotation Rγ by the angle
0 ≤ γ < 2π is given by

ψ†
k,↑

Rγ−→ e
+iγψ†

k,↑, ψ†
k,↓

Rγ−→ e
−iγψ†

k,↓. (2.4)

The spectrum of H
0
is gaped and comprises four dis-

persionless bands with the energy-eigenvalues

εk,σ,± = ±1, σ =↑, ↓ . (2.5)

Denoting the corresponding single-particle eigenstates by
χk,σ,±, σ =↑, ↓, we can define the spin-resolved first
Chern numbers for each of the two pairs of degenerate
single-particle bands as

C
s,± :=

1

2

�

k∈BZ

d2k

2πi
∇k ∧

�
χ†
k,↑,±∇kχk,↑,±

− χ†
k,↓,±∇kχk,↓,±

�
.

(2.6)

We find C
s,± = ±1. As a consequence, the non-

interacting model exhibits an IQSHE with spin-Hall con-
ductivity σSH

xy
= 2× e/(4π) if the chemical potential lies

in the single-particle spectral gap.
The repulsive interactions in this model are defined by

H
int

:=U

�

i∈Λ

ρi,↑ρi,↓

+ V

�

�ij�∈Λ

�
ρi,↑ρj,↑ + ρi,↓ρj,↓ + 2λρi,↑ρj,↓

�
,

(2.7)

∆ = 0

Topological insulator: 2/3 filling
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FIG. 1. (color online). Numerical exact diagonalization re-

sults of Hamiltonian (2.1) for 16 electrons when sublattice A

is made of 3× 4 sites and with t2/t1 = 0.4. (a) Ground state

degeneracies. Denote with En the n-th lowest energy eigen-

value of the many-body spectrum where E1 is the many-body

ground state, i.e., En+1 ≥ En for n = 1, 2, · · · . Define the pa-

rameter � by �n := (En+1 − En)/(En − E1). If a large gap

En+1−En opens up between two consecutive levels En+1 and

En compared to the cumulative level splitting En − E1 be-

tween the first n many-body eigenstates induced by finite-size

effects, then the parameter �n is much larger than unity. The

parameter �n has been evaluated for n = 3 and n = 9, yielding

the blue and red regions, respectively. For all other n �= 1, no

regions with �n � O(1) of significant size were found. Within

the limited range of available system sizes, it is thus not pos-

sible to decide on whether and how the level-splitting above

the ground state in the white regions of the parameter space

extrapolates in the thermodynamic limit. (b)-(d) The lowest

eigenvalues with spin-dependent twisted boundary conditions

as a function of the twisting angle γx. The number of low-

lying states that are energetically separated from the other

states is 9, 3, and 3, respectively. In panel (c), it is the lowest

band parametrized by γx that is 3-fold degenerate.

sublattices A and B. The Hamiltonian

H = H
0
+H

int
(2.1)

decomposes into a quadratic part H
0
and an interacting

contribution H
int

.
First, let us define H

0
, which consists of two copies

of the π-flux phase with flat bands that was studied in
Ref. 30, one copy for each spin-1/2 species. We denote
with c

†
k,α,σ the creation operator for an electron with

lattice momentum k and spin σ =↑, ↓ in the sublattice
α = A,B and combine them in the sublattice-spinor

ψ†
k,σ :=

�
c
†
k,A,σ, c

†
k,B,σ

�
. Then, the second quantized

single-particle Hamiltonian reads

H
0
:=

�

k∈BZ

�
ψ†
k,↑

Bk · τ
|Bk|

ψk,↑ + ψ†
k,↓

B−k · τT

��B−k

�� ψk,↓

�
,

(2.2a)
where the 3-vector Bk is defined by

B
0,k := 0, (2.2b)

B
1,k + iB

2,k := t
1
e
−iπ/4

�
1 + e

+i(ky−kx)
�

+ t
1
e
+iπ/4

�
e
−ikx + e

+iky
�
, (2.2c)

B
3,k := 2t

2

�
cos kx − cos ky

�
, (2.2d)

and the three Pauli-matrices τ = (τ
1
, τ

2
, τ

3
) act on the

sublattice index. Here, t
1
and t

2
represent the nearest

neighbor (NN) and next-nearest neighbor (NNN) hop-
ping amplitudes. The Hamiltonian (2.2a) is only well
defined if t

2
�= 0.

One verifies that H
0
is both time-reversal symmetric

and invariant under U(1) spin-1/2 rotations. Indeed, the
time-reversal operation T acts on numbers as complex
conjugation and on the electron-operators as

ψ†
k,↑

T−→ +ψ†
−k,↓, ψ†

k,↓
T−→ −ψ†

−k,↑. (2.3)

The action of the U(1) spin-1/2 rotation Rγ by the angle
0 ≤ γ < 2π is given by

ψ†
k,↑

Rγ−→ e
+iγψ†

k,↑, ψ†
k,↓

Rγ−→ e
−iγψ†

k,↓. (2.4)

The spectrum of H
0
is gaped and comprises four dis-

persionless bands with the energy-eigenvalues

εk,σ,± = ±1, σ =↑, ↓ . (2.5)

Denoting the corresponding single-particle eigenstates by
χk,σ,±, σ =↑, ↓, we can define the spin-resolved first
Chern numbers for each of the two pairs of degenerate
single-particle bands as

C
s,± :=

1

2

�

k∈BZ

d2k

2πi
∇k ∧

�
χ†
k,↑,±∇kχk,↑,±

− χ†
k,↓,±∇kχk,↓,±

�
.

(2.6)

We find C
s,± = ±1. As a consequence, the non-

interacting model exhibits an IQSHE with spin-Hall con-
ductivity σSH

xy
= 2× e/(4π) if the chemical potential lies

in the single-particle spectral gap.
The repulsive interactions in this model are defined by

H
int

:=U

�

i∈Λ

ρi,↑ρi,↓

+ V

�

�ij�∈Λ

�
ρi,↑ρj,↑ + ρi,↓ρj,↓ + 2λρi,↑ρj,↓

�
,

(2.7)
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FIG. 1. (color online). Numerical exact diagonalization re-

sults of Hamiltonian (2.1) for 16 electrons when sublattice A

is made of 3× 4 sites and with t2/t1 = 0.4. (a) Ground state

degeneracies. Denote with En the n-th lowest energy eigen-

value of the many-body spectrum where E1 is the many-body

ground state, i.e., En+1 ≥ En for n = 1, 2, · · · . Define the pa-

rameter � by �n := (En+1 − En)/(En − E1). If a large gap

En+1−En opens up between two consecutive levels En+1 and

En compared to the cumulative level splitting En − E1 be-

tween the first n many-body eigenstates induced by finite-size

effects, then the parameter �n is much larger than unity. The

parameter �n has been evaluated for n = 3 and n = 9, yielding

the blue and red regions, respectively. For all other n �= 1, no

regions with �n � O(1) of significant size were found. Within

the limited range of available system sizes, it is thus not pos-

sible to decide on whether and how the level-splitting above

the ground state in the white regions of the parameter space

extrapolates in the thermodynamic limit. (b)-(d) The lowest

eigenvalues with spin-dependent twisted boundary conditions

as a function of the twisting angle γx. The number of low-

lying states that are energetically separated from the other

states is 9, 3, and 3, respectively. In panel (c), it is the lowest

band parametrized by γx that is 3-fold degenerate.

sublattices A and B. The Hamiltonian

H = H
0
+H

int
(2.1)

decomposes into a quadratic part H
0
and an interacting

contribution H
int

.
First, let us define H

0
, which consists of two copies

of the π-flux phase with flat bands that was studied in
Ref. 30, one copy for each spin-1/2 species. We denote
with c

†
k,α,σ the creation operator for an electron with

lattice momentum k and spin σ =↑, ↓ in the sublattice
α = A,B and combine them in the sublattice-spinor

ψ†
k,σ :=

�
c
†
k,A,σ, c

†
k,B,σ

�
. Then, the second quantized

single-particle Hamiltonian reads

H
0
:=

�

k∈BZ

�
ψ†
k,↑

Bk · τ
|Bk|

ψk,↑ + ψ†
k,↓

B−k · τT

��B−k

�� ψk,↓

�
,

(2.2a)
where the 3-vector Bk is defined by

B
0,k := 0, (2.2b)

B
1,k + iB

2,k := t
1
e
−iπ/4

�
1 + e

+i(ky−kx)
�

+ t
1
e
+iπ/4

�
e
−ikx + e

+iky
�
, (2.2c)

B
3,k := 2t

2

�
cos kx − cos ky

�
, (2.2d)

and the three Pauli-matrices τ = (τ
1
, τ

2
, τ

3
) act on the

sublattice index. Here, t
1
and t

2
represent the nearest

neighbor (NN) and next-nearest neighbor (NNN) hop-
ping amplitudes. The Hamiltonian (2.2a) is only well
defined if t

2
�= 0.

One verifies that H
0
is both time-reversal symmetric

and invariant under U(1) spin-1/2 rotations. Indeed, the
time-reversal operation T acts on numbers as complex
conjugation and on the electron-operators as

ψ†
k,↑

T−→ +ψ†
−k,↓, ψ†

k,↓
T−→ −ψ†

−k,↑. (2.3)

The action of the U(1) spin-1/2 rotation Rγ by the angle
0 ≤ γ < 2π is given by

ψ†
k,↑

Rγ−→ e
+iγψ†

k,↑, ψ†
k,↓

Rγ−→ e
−iγψ†

k,↓. (2.4)

The spectrum of H
0
is gaped and comprises four dis-

persionless bands with the energy-eigenvalues

εk,σ,± = ±1, σ =↑, ↓ . (2.5)

Denoting the corresponding single-particle eigenstates by
χk,σ,±, σ =↑, ↓, we can define the spin-resolved first
Chern numbers for each of the two pairs of degenerate
single-particle bands as

C
s,± :=

1

2

�

k∈BZ

d2k

2πi
∇k ∧

�
χ†
k,↑,±∇kχk,↑,±

− χ†
k,↓,±∇kχk,↓,±

�
.

(2.6)

We find C
s,± = ±1. As a consequence, the non-

interacting model exhibits an IQSHE with spin-Hall con-
ductivity σSH

xy
= 2× e/(4π) if the chemical potential lies

in the single-particle spectral gap.
The repulsive interactions in this model are defined by

H
int

:=U

�

i∈Λ

ρi,↑ρi,↓

+ V

�

�ij�∈Λ

�
ρi,↑ρj,↑ + ρi,↓ρj,↓ + 2λρi,↑ρj,↓

�
,

(2.7)

Topological insulator: 2/3 filling
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FIG. 1. (color online). Numerical exact diagonalization re-

sults of Hamiltonian (2.1) for 16 electrons when sublattice A

is made of 3× 4 sites and with t2/t1 = 0.4. (a) Ground state

degeneracies. Denote with En the n-th lowest energy eigen-

value of the many-body spectrum where E1 is the many-body

ground state, i.e., En+1 ≥ En for n = 1, 2, · · · . Define the pa-

rameter � by �n := (En+1 − En)/(En − E1). If a large gap

En+1−En opens up between two consecutive levels En+1 and

En compared to the cumulative level splitting En − E1 be-

tween the first n many-body eigenstates induced by finite-size

effects, then the parameter �n is much larger than unity. The

parameter �n has been evaluated for n = 3 and n = 9, yielding

the blue and red regions, respectively. For all other n �= 1, no

regions with �n � O(1) of significant size were found. Within

the limited range of available system sizes, it is thus not pos-

sible to decide on whether and how the level-splitting above

the ground state in the white regions of the parameter space

extrapolates in the thermodynamic limit. (b)-(d) The lowest

eigenvalues with spin-dependent twisted boundary conditions

as a function of the twisting angle γx. The number of low-

lying states that are energetically separated from the other

states is 9, 3, and 3, respectively. In panel (c), it is the lowest

band parametrized by γx that is 3-fold degenerate.

sublattices A and B. The Hamiltonian

H = H
0
+H

int
(2.1)

decomposes into a quadratic part H
0
and an interacting

contribution H
int

.
First, let us define H

0
, which consists of two copies

of the π-flux phase with flat bands that was studied in
Ref. 30, one copy for each spin-1/2 species. We denote
with c

†
k,α,σ the creation operator for an electron with

lattice momentum k and spin σ =↑, ↓ in the sublattice
α = A,B and combine them in the sublattice-spinor

ψ†
k,σ :=

�
c
†
k,A,σ, c

†
k,B,σ

�
. Then, the second quantized

single-particle Hamiltonian reads

H
0
:=

�

k∈BZ

�
ψ†
k,↑

Bk · τ
|Bk|

ψk,↑ + ψ†
k,↓

B−k · τT

��B−k

�� ψk,↓

�
,

(2.2a)
where the 3-vector Bk is defined by

B
0,k := 0, (2.2b)

B
1,k + iB

2,k := t
1
e
−iπ/4

�
1 + e

+i(ky−kx)
�

+ t
1
e
+iπ/4

�
e
−ikx + e

+iky
�
, (2.2c)

B
3,k := 2t

2

�
cos kx − cos ky

�
, (2.2d)

and the three Pauli-matrices τ = (τ
1
, τ

2
, τ

3
) act on the

sublattice index. Here, t
1
and t

2
represent the nearest

neighbor (NN) and next-nearest neighbor (NNN) hop-
ping amplitudes. The Hamiltonian (2.2a) is only well
defined if t

2
�= 0.

One verifies that H
0
is both time-reversal symmetric

and invariant under U(1) spin-1/2 rotations. Indeed, the
time-reversal operation T acts on numbers as complex
conjugation and on the electron-operators as

ψ†
k,↑

T−→ +ψ†
−k,↓, ψ†

k,↓
T−→ −ψ†

−k,↑. (2.3)

The action of the U(1) spin-1/2 rotation Rγ by the angle
0 ≤ γ < 2π is given by

ψ†
k,↑

Rγ−→ e
+iγψ†

k,↑, ψ†
k,↓

Rγ−→ e
−iγψ†

k,↓. (2.4)

The spectrum of H
0
is gaped and comprises four dis-

persionless bands with the energy-eigenvalues

εk,σ,± = ±1, σ =↑, ↓ . (2.5)

Denoting the corresponding single-particle eigenstates by
χk,σ,±, σ =↑, ↓, we can define the spin-resolved first
Chern numbers for each of the two pairs of degenerate
single-particle bands as

C
s,± :=

1

2

�

k∈BZ

d2k

2πi
∇k ∧

�
χ†
k,↑,±∇kχk,↑,±

− χ†
k,↓,±∇kχk,↓,±

�
.

(2.6)

We find C
s,± = ±1. As a consequence, the non-

interacting model exhibits an IQSHE with spin-Hall con-
ductivity σSH

xy
= 2× e/(4π) if the chemical potential lies

in the single-particle spectral gap.
The repulsive interactions in this model are defined by

H
int

:=U

�

i∈Λ

ρi,↑ρi,↓

+ V

�

�ij�∈Λ

�
ρi,↑ρj,↑ + ρi,↓ρj,↓ + 2λρi,↑ρj,↓

�
,

(2.7)

M. Levin and A. Stern, PRL (2009)

T. Neupert et al. PRB (2011)

Edge modes?

K =





+1 +2 0 0
+2 +1 0 0
0 0 −1 −2
0 0 −2 −1




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FIG. 1. (color online). Numerical exact diagonalization re-

sults of Hamiltonian (2.1) for 16 electrons when sublattice A

is made of 3× 4 sites and with t2/t1 = 0.4. (a) Ground state

degeneracies. Denote with En the n-th lowest energy eigen-

value of the many-body spectrum where E1 is the many-body

ground state, i.e., En+1 ≥ En for n = 1, 2, · · · . Define the pa-

rameter � by �n := (En+1 − En)/(En − E1). If a large gap

En+1−En opens up between two consecutive levels En+1 and

En compared to the cumulative level splitting En − E1 be-

tween the first n many-body eigenstates induced by finite-size

effects, then the parameter �n is much larger than unity. The

parameter �n has been evaluated for n = 3 and n = 9, yielding

the blue and red regions, respectively. For all other n �= 1, no

regions with �n � O(1) of significant size were found. Within

the limited range of available system sizes, it is thus not pos-

sible to decide on whether and how the level-splitting above

the ground state in the white regions of the parameter space

extrapolates in the thermodynamic limit. (b)-(d) The lowest

eigenvalues with spin-dependent twisted boundary conditions

as a function of the twisting angle γx. The number of low-

lying states that are energetically separated from the other

states is 9, 3, and 3, respectively. In panel (c), it is the lowest

band parametrized by γx that is 3-fold degenerate.

sublattices A and B. The Hamiltonian

H = H
0
+H

int
(2.1)

decomposes into a quadratic part H
0
and an interacting

contribution H
int

.
First, let us define H

0
, which consists of two copies

of the π-flux phase with flat bands that was studied in
Ref. 30, one copy for each spin-1/2 species. We denote
with c

†
k,α,σ the creation operator for an electron with

lattice momentum k and spin σ =↑, ↓ in the sublattice
α = A,B and combine them in the sublattice-spinor

ψ†
k,σ :=

�
c
†
k,A,σ, c

†
k,B,σ

�
. Then, the second quantized

single-particle Hamiltonian reads

H
0
:=

�

k∈BZ

�
ψ†
k,↑

Bk · τ
|Bk|

ψk,↑ + ψ†
k,↓

B−k · τT

��B−k

�� ψk,↓

�
,

(2.2a)
where the 3-vector Bk is defined by

B
0,k := 0, (2.2b)

B
1,k + iB

2,k := t
1
e
−iπ/4

�
1 + e

+i(ky−kx)
�

+ t
1
e
+iπ/4

�
e
−ikx + e

+iky
�
, (2.2c)

B
3,k := 2t

2

�
cos kx − cos ky

�
, (2.2d)

and the three Pauli-matrices τ = (τ
1
, τ

2
, τ

3
) act on the

sublattice index. Here, t
1
and t

2
represent the nearest

neighbor (NN) and next-nearest neighbor (NNN) hop-
ping amplitudes. The Hamiltonian (2.2a) is only well
defined if t

2
�= 0.

One verifies that H
0
is both time-reversal symmetric

and invariant under U(1) spin-1/2 rotations. Indeed, the
time-reversal operation T acts on numbers as complex
conjugation and on the electron-operators as

ψ†
k,↑

T−→ +ψ†
−k,↓, ψ†

k,↓
T−→ −ψ†

−k,↑. (2.3)

The action of the U(1) spin-1/2 rotation Rγ by the angle
0 ≤ γ < 2π is given by

ψ†
k,↑

Rγ−→ e
+iγψ†

k,↑, ψ†
k,↓

Rγ−→ e
−iγψ†

k,↓. (2.4)

The spectrum of H
0
is gaped and comprises four dis-

persionless bands with the energy-eigenvalues

εk,σ,± = ±1, σ =↑, ↓ . (2.5)

Denoting the corresponding single-particle eigenstates by
χk,σ,±, σ =↑, ↓, we can define the spin-resolved first
Chern numbers for each of the two pairs of degenerate
single-particle bands as

C
s,± :=

1

2

�

k∈BZ

d2k

2πi
∇k ∧

�
χ†
k,↑,±∇kχk,↑,±

− χ†
k,↓,±∇kχk,↓,±

�
.

(2.6)

We find C
s,± = ±1. As a consequence, the non-

interacting model exhibits an IQSHE with spin-Hall con-
ductivity σSH

xy
= 2× e/(4π) if the chemical potential lies

in the single-particle spectral gap.
The repulsive interactions in this model are defined by

H
int

:=U

�

i∈Λ

ρi,↑ρi,↓

+ V

�

�ij�∈Λ

�
ρi,↑ρj,↑ + ρi,↓ρj,↓ + 2λρi,↑ρj,↓

�
,

(2.7)

M. Levin and A. Stern, PRL (2009)

T. Neupert et al. PRB (2011)

Edge modes?

NO
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FIG. 1. (color online). Numerical exact diagonalization re-

sults of Hamiltonian (2.1) for 16 electrons when sublattice A

is made of 3× 4 sites and with t2/t1 = 0.4. (a) Ground state

degeneracies. Denote with En the n-th lowest energy eigen-

value of the many-body spectrum where E1 is the many-body

ground state, i.e., En+1 ≥ En for n = 1, 2, · · · . Define the pa-

rameter � by �n := (En+1 − En)/(En − E1). If a large gap

En+1−En opens up between two consecutive levels En+1 and

En compared to the cumulative level splitting En − E1 be-

tween the first n many-body eigenstates induced by finite-size

effects, then the parameter �n is much larger than unity. The

parameter �n has been evaluated for n = 3 and n = 9, yielding

the blue and red regions, respectively. For all other n �= 1, no

regions with �n � O(1) of significant size were found. Within

the limited range of available system sizes, it is thus not pos-

sible to decide on whether and how the level-splitting above

the ground state in the white regions of the parameter space

extrapolates in the thermodynamic limit. (b)-(d) The lowest

eigenvalues with spin-dependent twisted boundary conditions

as a function of the twisting angle γx. The number of low-

lying states that are energetically separated from the other

states is 9, 3, and 3, respectively. In panel (c), it is the lowest

band parametrized by γx that is 3-fold degenerate.

sublattices A and B. The Hamiltonian

H = H
0
+H

int
(2.1)

decomposes into a quadratic part H
0
and an interacting

contribution H
int

.
First, let us define H

0
, which consists of two copies

of the π-flux phase with flat bands that was studied in
Ref. 30, one copy for each spin-1/2 species. We denote
with c

†
k,α,σ the creation operator for an electron with

lattice momentum k and spin σ =↑, ↓ in the sublattice
α = A,B and combine them in the sublattice-spinor

ψ†
k,σ :=

�
c
†
k,A,σ, c

†
k,B,σ

�
. Then, the second quantized

single-particle Hamiltonian reads

H
0
:=

�

k∈BZ

�
ψ†
k,↑

Bk · τ
|Bk|

ψk,↑ + ψ†
k,↓

B−k · τT

��B−k

�� ψk,↓

�
,

(2.2a)
where the 3-vector Bk is defined by

B
0,k := 0, (2.2b)

B
1,k + iB

2,k := t
1
e
−iπ/4

�
1 + e

+i(ky−kx)
�

+ t
1
e
+iπ/4

�
e
−ikx + e

+iky
�
, (2.2c)

B
3,k := 2t

2

�
cos kx − cos ky

�
, (2.2d)

and the three Pauli-matrices τ = (τ
1
, τ

2
, τ

3
) act on the

sublattice index. Here, t
1
and t

2
represent the nearest

neighbor (NN) and next-nearest neighbor (NNN) hop-
ping amplitudes. The Hamiltonian (2.2a) is only well
defined if t

2
�= 0.

One verifies that H
0
is both time-reversal symmetric

and invariant under U(1) spin-1/2 rotations. Indeed, the
time-reversal operation T acts on numbers as complex
conjugation and on the electron-operators as

ψ†
k,↑

T−→ +ψ†
−k,↓, ψ†

k,↓
T−→ −ψ†

−k,↑. (2.3)

The action of the U(1) spin-1/2 rotation Rγ by the angle
0 ≤ γ < 2π is given by

ψ†
k,↑

Rγ−→ e
+iγψ†

k,↑, ψ†
k,↓

Rγ−→ e
−iγψ†

k,↓. (2.4)

The spectrum of H
0
is gaped and comprises four dis-

persionless bands with the energy-eigenvalues

εk,σ,± = ±1, σ =↑, ↓ . (2.5)

Denoting the corresponding single-particle eigenstates by
χk,σ,±, σ =↑, ↓, we can define the spin-resolved first
Chern numbers for each of the two pairs of degenerate
single-particle bands as

C
s,± :=

1

2

�

k∈BZ

d2k

2πi
∇k ∧

�
χ†
k,↑,±∇kχk,↑,±

− χ†
k,↓,±∇kχk,↓,±

�
.

(2.6)

We find C
s,± = ±1. As a consequence, the non-

interacting model exhibits an IQSHE with spin-Hall con-
ductivity σSH

xy
= 2× e/(4π) if the chemical potential lies

in the single-particle spectral gap.
The repulsive interactions in this model are defined by

H
int

:=U

�

i∈Λ

ρi,↑ρi,↓

+ V

�

�ij�∈Λ

�
ρi,↑ρj,↑ + ρi,↓ρj,↓ + 2λρi,↑ρj,↓

�
,

(2.7)

M. Levin and A. Stern, PRL (2009)

T. Neupert et al. PRB (2011)

Edge modes?

NO

No propagating edge modes, but... 
fractionalized excitations in the bulk!
Bulk rich ... edge poor
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FIG. 1. (color online). Numerical exact diagonalization re-

sults of Hamiltonian (2.1) for 16 electrons when sublattice A

is made of 3× 4 sites and with t2/t1 = 0.4. (a) Ground state

degeneracies. Denote with En the n-th lowest energy eigen-

value of the many-body spectrum where E1 is the many-body

ground state, i.e., En+1 ≥ En for n = 1, 2, · · · . Define the pa-

rameter � by �n := (En+1 − En)/(En − E1). If a large gap

En+1−En opens up between two consecutive levels En+1 and

En compared to the cumulative level splitting En − E1 be-

tween the first n many-body eigenstates induced by finite-size

effects, then the parameter �n is much larger than unity. The

parameter �n has been evaluated for n = 3 and n = 9, yielding

the blue and red regions, respectively. For all other n �= 1, no

regions with �n � O(1) of significant size were found. Within

the limited range of available system sizes, it is thus not pos-

sible to decide on whether and how the level-splitting above

the ground state in the white regions of the parameter space

extrapolates in the thermodynamic limit. (b)-(d) The lowest

eigenvalues with spin-dependent twisted boundary conditions

as a function of the twisting angle γx. The number of low-

lying states that are energetically separated from the other

states is 9, 3, and 3, respectively. In panel (c), it is the lowest

band parametrized by γx that is 3-fold degenerate.

sublattices A and B. The Hamiltonian

H = H
0
+H

int
(2.1)

decomposes into a quadratic part H
0
and an interacting

contribution H
int

.
First, let us define H

0
, which consists of two copies

of the π-flux phase with flat bands that was studied in
Ref. 30, one copy for each spin-1/2 species. We denote
with c

†
k,α,σ the creation operator for an electron with

lattice momentum k and spin σ =↑, ↓ in the sublattice
α = A,B and combine them in the sublattice-spinor

ψ†
k,σ :=

�
c
†
k,A,σ, c

†
k,B,σ

�
. Then, the second quantized

single-particle Hamiltonian reads

H
0
:=

�

k∈BZ

�
ψ†
k,↑

Bk · τ
|Bk|

ψk,↑ + ψ†
k,↓

B−k · τT

��B−k

�� ψk,↓

�
,

(2.2a)
where the 3-vector Bk is defined by

B
0,k := 0, (2.2b)

B
1,k + iB

2,k := t
1
e
−iπ/4

�
1 + e

+i(ky−kx)
�

+ t
1
e
+iπ/4

�
e
−ikx + e

+iky
�
, (2.2c)

B
3,k := 2t

2

�
cos kx − cos ky

�
, (2.2d)

and the three Pauli-matrices τ = (τ
1
, τ

2
, τ

3
) act on the

sublattice index. Here, t
1
and t

2
represent the nearest

neighbor (NN) and next-nearest neighbor (NNN) hop-
ping amplitudes. The Hamiltonian (2.2a) is only well
defined if t

2
�= 0.

One verifies that H
0
is both time-reversal symmetric

and invariant under U(1) spin-1/2 rotations. Indeed, the
time-reversal operation T acts on numbers as complex
conjugation and on the electron-operators as

ψ†
k,↑

T−→ +ψ†
−k,↓, ψ†

k,↓
T−→ −ψ†

−k,↑. (2.3)

The action of the U(1) spin-1/2 rotation Rγ by the angle
0 ≤ γ < 2π is given by

ψ†
k,↑

Rγ−→ e
+iγψ†

k,↑, ψ†
k,↓

Rγ−→ e
−iγψ†

k,↓. (2.4)

The spectrum of H
0
is gaped and comprises four dis-

persionless bands with the energy-eigenvalues

εk,σ,± = ±1, σ =↑, ↓ . (2.5)

Denoting the corresponding single-particle eigenstates by
χk,σ,±, σ =↑, ↓, we can define the spin-resolved first
Chern numbers for each of the two pairs of degenerate
single-particle bands as

C
s,± :=

1

2

�

k∈BZ

d2k

2πi
∇k ∧

�
χ†
k,↑,±∇kχk,↑,±

− χ†
k,↓,±∇kχk,↓,±

�
.

(2.6)

We find C
s,± = ±1. As a consequence, the non-

interacting model exhibits an IQSHE with spin-Hall con-
ductivity σSH

xy
= 2× e/(4π) if the chemical potential lies

in the single-particle spectral gap.
The repulsive interactions in this model are defined by

H
int

:=U

�

i∈Λ

ρi,↑ρi,↓

+ V

�

�ij�∈Λ

�
ρi,↑ρj,↑ + ρi,↓ρj,↓ + 2λρi,↑ρj,↓

�
,

(2.7)

M. Levin and A. Stern, PRL (2009)

T. Neupert et al. PRB (2011)

Edge modes?

NO

No propagating edge modes, but... 
fractionalized excitations in the bulk!
Bulk rich ... edge poor

Z2More structure than captured by a        classification alone.
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FIG. 1. (color online). Numerical exact diagonalization re-

sults of Hamiltonian (2.1) for 16 electrons when sublattice A

is made of 3× 4 sites and with t2/t1 = 0.4. (a) Ground state

degeneracies. Denote with En the n-th lowest energy eigen-

value of the many-body spectrum where E1 is the many-body

ground state, i.e., En+1 ≥ En for n = 1, 2, · · · . Define the pa-

rameter � by �n := (En+1 − En)/(En − E1). If a large gap
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sublattices A and B. The Hamiltonian

H = H
0
+H

int
(2.1)

decomposes into a quadratic part H
0
and an interacting

contribution H
int

.
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0
, which consists of two copies
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†
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α = A,B and combine them in the sublattice-spinor

ψ†
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�
c
†
k,A,σ, c

†
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�
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H
0
:=

�
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�
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��B−k

�� ψk,↓

�
,

(2.2a)
where the 3-vector Bk is defined by

B
0,k := 0, (2.2b)

B
1,k + iB

2,k := t
1
e
−iπ/4

�
1 + e
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�

+ t
1
e
+iπ/4

�
e
−ikx + e

+iky
�
, (2.2c)

B
3,k := 2t

2

�
cos kx − cos ky

�
, (2.2d)

and the three Pauli-matrices τ = (τ
1
, τ

2
, τ

3
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sublattice index. Here, t
1
and t

2
represent the nearest
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2
�= 0.
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0
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k,↓
T−→ −ψ†

−k,↑. (2.3)

The action of the U(1) spin-1/2 rotation Rγ by the angle
0 ≤ γ < 2π is given by

ψ†
k,↑

Rγ−→ e
+iγψ†

k,↑, ψ†
k,↓

Rγ−→ e
−iγψ†

k,↓. (2.4)

The spectrum of H
0
is gaped and comprises four dis-

persionless bands with the energy-eigenvalues

εk,σ,± = ±1, σ =↑, ↓ . (2.5)

Denoting the corresponding single-particle eigenstates by
χk,σ,±, σ =↑, ↓, we can define the spin-resolved first
Chern numbers for each of the two pairs of degenerate
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(2.6)

We find C
s,± = ±1. As a consequence, the non-

interacting model exhibits an IQSHE with spin-Hall con-
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xy
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�

i∈Λ

ρi,↑ρi,↓

+ V

�

�ij�∈Λ

�
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�
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(2.7)

M. Levin and A. Stern, PRL (2009)

T. Neupert et al. PRB (2011)

Edge modes?

NO

No propagating edge modes, but... 
fractionalized excitations in the bulk!
Bulk rich ... edge poor

Z2More structure than captured by a        classification alone.

“Either you are with us, or you are with the terrorists." - G.W. Bush
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Classification of non-interacting states of matter 
“Periodic Table of Topological Insulators” 8

Symmetry d

AZ Θ Ξ Π 1 2 3 4 5 6 7 8

A 0 0 0 0 Z 0 Z 0 Z 0 Z
AIII 0 0 1 Z 0 Z 0 Z 0 Z 0

AI 1 0 0 0 0 0 Z 0 Z2 Z2 Z
BDI 1 1 1 Z 0 0 0 Z 0 Z2 Z2

D 0 1 0 Z2 Z 0 0 0 Z 0 Z2

DIII −1 1 1 Z2 Z2 Z 0 0 0 Z 0

AII −1 0 0 0 Z2 Z2 Z 0 0 0 Z
CII −1 −1 1 Z 0 Z2 Z2 Z 0 0 0

C 0 −1 0 0 Z 0 Z2 Z2 Z 0 0

CI 1 −1 1 0 0 Z 0 Z2 Z2 Z 0

TABLE I Periodic table of topological insulators and super-

conductors. The 10 symmetry classes are labeled using the

notation of Altland and Zirnbauer (1997) (AZ) and are spec-

ified by presence or absence of T symmetry Θ, particle-hole

symmetry Ξ and chiral symmetry Π = ΞΘ. ±1 and 0 denotes

the presence and absence of symmetry, with ±1 specifying

the value of Θ2
and Ξ2

. As a function of symmetry and space

dimensionality, d, the topological classifications (Z, Z2 and 0)

show a regular pattern that repeats when d → d+ 8.

3. Periodic table

Topological insulators and superconductors fit to-
gether into a rich and elegant mathematical structure
that generalizes the notions of topological band theory
described above (Schnyder, et al., 2008; Kitaev, 2009;
Schnyder, et al., 2009; Ryu, et al., 2010). The classes
of equivalent Hamiltonians are determined by specifying
the symmetry class and the dimensionality. The symme-
try class depends on the presence or absence of T sym-
metry (8) with Θ2 = ±1 and/or particle-hole symmetry
(15) with Ξ2 = ±1. There are 10 distinct classes, which
are closely related to the Altland and Zirnbauer (1997)
classification of random matrices. The topological clas-
sifications, given by Z, Z2 or 0, show a regular pattern
as a function of symmetry class and dimensionality and
can be arranged into the periodic table of topological in-
sulators and superconductors shown in Table I.

The quantum Hall state (Class A, no symmetry; d =
2), the Z2 topological insulators (Class AII, Θ2 = −1;
d = 2, 3) and the Z2 and Z topological superconductors
(Class D, Ξ2 = 1; d = 1, 2) described above are each
entries in the periodic table. There are also other non
trivial entries describing different topological supercon-
ducting and superfluid phases. Each non trivial phase is
predicted, via the bulk-boundary correspondence to have
gapless boundary states. One notable example is super-
fluid 3He B (Volovik, 2003; Roy, 2008; Schnyder, et al.,
2008; Nagato, Higashitani and Nagai, 2009; Qi, et al.,
2009; Volovik, 2009), in (Class DIII, Θ2 = −1, Ξ2 = +1;
d = 3) which has a Z classification, along with gapless 2D
Majorana fermion modes on its surface. A generalization
of the quantum Hall state introduced by Zhang and Hu
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Conventional 
Insulator !=0
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k0/a"# /a"#

FIG. 5 Edge states in the quantum spin Hall insulator. (a)

shows the interface between a QSHI and an ordinary insula-

tor, and (b) shows the edge state dispersion in the graphene

model, in which up and down spins propagate in opposite

directions.

(2001) corresponds to the d = 4 entry in class A or AII.
There are also other entries in physical dimensions that
have yet to be filled by realistic systems. The search is
on to discover such phases.

III. QUANTUM SPIN HALL INSULATOR

The 2D topological insulator is known as a quantum
spin Hall insulator. This state was originally theorized
to exist in graphene (Kane and Mele, 2005a) and in 2D
semiconductor systems with a uniform strain gradient
(Bernevig and Zhang, 2006). It was subsequently pre-
dicted to exist (Bernevig, Hughes and Zhang, 2006), and
was then observed (König, et al., 2007), in HgCdTe quan-
tum well structures. In section III.A we will introduce
the physics of this state in the model graphene system
and describe its novel edge states. Section III.B will re-
view the experiments, which have also been the subject
of the review article by König, et al. (2008).

A. Model system: graphene

In section II.B.2 we argued that the degeneracy at the
Dirac point in graphene is protected by inversion and
T symmetry. That argument ignored the spin of the
electrons. The spin orbit interaction allows a new mass
term in (3) that respects all of graphene’s symmetries. In
the simplest picture, the intrinsic spin orbit interaction
commutes with the electron spin Sz, so the Hamiltonian
decouples into two independent Hamiltonians for the up
and down spins. The resulting theory is simply two copies
the Haldane (1988) model with opposite signs of the Hall
conductivity for up and down spins. This does not violate
T symmetry because time reversal flips both the spin and
σxy. In an applied electric field, the up and down spins
have Hall currents that flow in opposite directions. The
Hall conductivity is thus zero, but there is a quantized
spin Hall conductivity, defined by J↑

x − J↓
x = σs

xyEy with
σs
xy = e/2π – a quantum spin Hall effect. Related ideas

were mentioned in earlier work on the planar state of

8
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the presence and absence of symmetry, with ±1 specifying
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and Ξ2

. As a function of symmetry and space
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that generalizes the notions of topological band theory
described above (Schnyder, et al., 2008; Kitaev, 2009;
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of equivalent Hamiltonians are determined by specifying
the symmetry class and the dimensionality. The symme-
try class depends on the presence or absence of T sym-
metry (8) with Θ2 = ±1 and/or particle-hole symmetry
(15) with Ξ2 = ±1. There are 10 distinct classes, which
are closely related to the Altland and Zirnbauer (1997)
classification of random matrices. The topological clas-
sifications, given by Z, Z2 or 0, show a regular pattern
as a function of symmetry class and dimensionality and
can be arranged into the periodic table of topological in-
sulators and superconductors shown in Table I.

The quantum Hall state (Class A, no symmetry; d =
2), the Z2 topological insulators (Class AII, Θ2 = −1;
d = 2, 3) and the Z2 and Z topological superconductors
(Class D, Ξ2 = 1; d = 1, 2) described above are each
entries in the periodic table. There are also other non
trivial entries describing different topological supercon-
ducting and superfluid phases. Each non trivial phase is
predicted, via the bulk-boundary correspondence to have
gapless boundary states. One notable example is super-
fluid 3He B (Volovik, 2003; Roy, 2008; Schnyder, et al.,
2008; Nagato, Higashitani and Nagai, 2009; Qi, et al.,
2009; Volovik, 2009), in (Class DIII, Θ2 = −1, Ξ2 = +1;
d = 3) which has a Z classification, along with gapless 2D
Majorana fermion modes on its surface. A generalization
of the quantum Hall state introduced by Zhang and Hu
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FIG. 5 Edge states in the quantum spin Hall insulator. (a)

shows the interface between a QSHI and an ordinary insula-

tor, and (b) shows the edge state dispersion in the graphene

model, in which up and down spins propagate in opposite

directions.

(2001) corresponds to the d = 4 entry in class A or AII.
There are also other entries in physical dimensions that
have yet to be filled by realistic systems. The search is
on to discover such phases.

III. QUANTUM SPIN HALL INSULATOR

The 2D topological insulator is known as a quantum
spin Hall insulator. This state was originally theorized
to exist in graphene (Kane and Mele, 2005a) and in 2D
semiconductor systems with a uniform strain gradient
(Bernevig and Zhang, 2006). It was subsequently pre-
dicted to exist (Bernevig, Hughes and Zhang, 2006), and
was then observed (König, et al., 2007), in HgCdTe quan-
tum well structures. In section III.A we will introduce
the physics of this state in the model graphene system
and describe its novel edge states. Section III.B will re-
view the experiments, which have also been the subject
of the review article by König, et al. (2008).

A. Model system: graphene

In section II.B.2 we argued that the degeneracy at the
Dirac point in graphene is protected by inversion and
T symmetry. That argument ignored the spin of the
electrons. The spin orbit interaction allows a new mass
term in (3) that respects all of graphene’s symmetries. In
the simplest picture, the intrinsic spin orbit interaction
commutes with the electron spin Sz, so the Hamiltonian
decouples into two independent Hamiltonians for the up
and down spins. The resulting theory is simply two copies
the Haldane (1988) model with opposite signs of the Hall
conductivity for up and down spins. This does not violate
T symmetry because time reversal flips both the spin and
σxy. In an applied electric field, the up and down spins
have Hall currents that flow in opposite directions. The
Hall conductivity is thus zero, but there is a quantized
spin Hall conductivity, defined by J↑

x − J↓
x = σs

xyEy with
σs
xy = e/2π – a quantum spin Hall effect. Related ideas

were mentioned in earlier work on the planar state of

M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045 (2010)
Ryu, S., A. Schnyder, A. Furusaki, A. W. W. Ludwig,
New J. Phys. 12, 065010 (2010)

Kitaev, A., 2009, AIP Conf. Proc. 1134, 22; arXiv:0901.2686
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the physics of this state in the model graphene system
and describe its novel edge states. Section III.B will re-
view the experiments, which have also been the subject
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A. Model system: graphene

In section II.B.2 we argued that the degeneracy at the
Dirac point in graphene is protected by inversion and
T symmetry. That argument ignored the spin of the
electrons. The spin orbit interaction allows a new mass
term in (3) that respects all of graphene’s symmetries. In
the simplest picture, the intrinsic spin orbit interaction
commutes with the electron spin Sz, so the Hamiltonian
decouples into two independent Hamiltonians for the up
and down spins. The resulting theory is simply two copies
the Haldane (1988) model with opposite signs of the Hall
conductivity for up and down spins. This does not violate
T symmetry because time reversal flips both the spin and
σxy. In an applied electric field, the up and down spins
have Hall currents that flow in opposite directions. The
Hall conductivity is thus zero, but there is a quantized
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(Class D, Ξ2 = 1; d = 1, 2) described above are each
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gapless boundary states. One notable example is super-
fluid 3He B (Volovik, 2003; Roy, 2008; Schnyder, et al.,
2008; Nagato, Higashitani and Nagai, 2009; Qi, et al.,
2009; Volovik, 2009), in (Class DIII, Θ2 = −1, Ξ2 = +1;
d = 3) which has a Z classification, along with gapless 2D
Majorana fermion modes on its surface. A generalization
of the quantum Hall state introduced by Zhang and Hu
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There are also other entries in physical dimensions that
have yet to be filled by realistic systems. The search is
on to discover such phases.

III. QUANTUM SPIN HALL INSULATOR

The 2D topological insulator is known as a quantum
spin Hall insulator. This state was originally theorized
to exist in graphene (Kane and Mele, 2005a) and in 2D
semiconductor systems with a uniform strain gradient
(Bernevig and Zhang, 2006). It was subsequently pre-
dicted to exist (Bernevig, Hughes and Zhang, 2006), and
was then observed (König, et al., 2007), in HgCdTe quan-
tum well structures. In section III.A we will introduce
the physics of this state in the model graphene system
and describe its novel edge states. Section III.B will re-
view the experiments, which have also been the subject
of the review article by König, et al. (2008).

A. Model system: graphene

In section II.B.2 we argued that the degeneracy at the
Dirac point in graphene is protected by inversion and
T symmetry. That argument ignored the spin of the
electrons. The spin orbit interaction allows a new mass
term in (3) that respects all of graphene’s symmetries. In
the simplest picture, the intrinsic spin orbit interaction
commutes with the electron spin Sz, so the Hamiltonian
decouples into two independent Hamiltonians for the up
and down spins. The resulting theory is simply two copies
the Haldane (1988) model with opposite signs of the Hall
conductivity for up and down spins. This does not violate
T symmetry because time reversal flips both the spin and
σxy. In an applied electric field, the up and down spins
have Hall currents that flow in opposite directions. The
Hall conductivity is thus zero, but there is a quantized
spin Hall conductivity, defined by J↑

x − J↓
x = σs

xyEy with
σs
xy = e/2π – a quantum spin Hall effect. Related ideas

were mentioned in earlier work on the planar state of
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(2001) corresponds to the d = 4 entry in class A or AII.
There are also other entries in physical dimensions that
have yet to be filled by realistic systems. The search is
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to exist in graphene (Kane and Mele, 2005a) and in 2D
semiconductor systems with a uniform strain gradient
(Bernevig and Zhang, 2006). It was subsequently pre-
dicted to exist (Bernevig, Hughes and Zhang, 2006), and
was then observed (König, et al., 2007), in HgCdTe quan-
tum well structures. In section III.A we will introduce
the physics of this state in the model graphene system
and describe its novel edge states. Section III.B will re-
view the experiments, which have also been the subject
of the review article by König, et al. (2008).

A. Model system: graphene

In section II.B.2 we argued that the degeneracy at the
Dirac point in graphene is protected by inversion and
T symmetry. That argument ignored the spin of the
electrons. The spin orbit interaction allows a new mass
term in (3) that respects all of graphene’s symmetries. In
the simplest picture, the intrinsic spin orbit interaction
commutes with the electron spin Sz, so the Hamiltonian
decouples into two independent Hamiltonians for the up
and down spins. The resulting theory is simply two copies
the Haldane (1988) model with opposite signs of the Hall
conductivity for up and down spins. This does not violate
T symmetry because time reversal flips both the spin and
σxy. In an applied electric field, the up and down spins
have Hall currents that flow in opposite directions. The
Hall conductivity is thus zero, but there is a quantized
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to exist in graphene (Kane and Mele, 2005a) and in 2D
semiconductor systems with a uniform strain gradient
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the physics of this state in the model graphene system
and describe its novel edge states. Section III.B will re-
view the experiments, which have also been the subject
of the review article by König, et al. (2008).
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In section II.B.2 we argued that the degeneracy at the
Dirac point in graphene is protected by inversion and
T symmetry. That argument ignored the spin of the
electrons. The spin orbit interaction allows a new mass
term in (3) that respects all of graphene’s symmetries. In
the simplest picture, the intrinsic spin orbit interaction
commutes with the electron spin Sz, so the Hamiltonian
decouples into two independent Hamiltonians for the up
and down spins. The resulting theory is simply two copies
the Haldane (1988) model with opposite signs of the Hall
conductivity for up and down spins. This does not violate
T symmetry because time reversal flips both the spin and
σxy. In an applied electric field, the up and down spins
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and describe its novel edge states. Section III.B will re-
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electrons. The spin orbit interaction allows a new mass
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It is possible to have dispersionless bands (flat bands) that are isolated from all 
others by an energy gap.

The isolated flat bands can be non-trivial in the sense of having a non-zero 
Chern number, and thus sustain an IQHE when fully occupied.

When partially filled, electron-electron interactions can lead to the FQHE and 
other topological phases in time-reversal invariant systems.

Topological Hubbard models have to ferromagnetic ground states: symmetry 
breaking simultaneously with IQHE or FQHE.

Fractional TI in 3D: non-commuting coordinates  

Summary
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