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|_Landau flat bands

Landau levels E

i
degeneracy N¢ =B -A/¢O
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Landau flat bands are interesting!

Partially filled Landau levels I::> fractional quantum Hall effect (FQHE)
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Willett et al, PRL 1987
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FIG. 1. Overview of diagonal resistivity px» and Hall resistance p,, of sample described in text. The use of a hybrid magnet with

fixed base field required composition of this figure from four different traces (breaks at =12 T). Temperatures were = 150 mK ex-

cept for the high-field Hall trace at 7=85 mK. The high-field p.x trace is reduced in amplitude by a factor 2.5 for clarity. Filling
factor v and Landau levels N are indicated.
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Are there other ways to get flat bands?

Are they as interesting as Landau levels?
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D. Weire and M. F. Thorpe, PRB 4, 2508 (1971)

Early flat bands J. P. Straley, PRB 6, 4086 (1972)

FIG. 3. Coefficients of the basis functions 1—4 asso-

ciated with a given atom, in the expansion of a given wave y
function, are the elements of the vector i defined in the
text. The coefficients of 1’ —4’ form the vector V. X

FIG. 13. A unit cell of the diamond cubic structure,
illustrating the notation used to set up the secular deter-
minant.

FIG. 11. Band structure for
the special case of the diamond
cubic structure, with Vy=-1,
V1 =-1.
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MOre ear|y ﬂat baﬂds E. Dagotto, E. Fradkin, and A. Moreo, Phys. Lett. B 172, 383 (1986).

a
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I
¢ *
cr .
- . double -
C_1 L ] 2 ¢ --’T M Pz
Co¢ ¢
Fig. 2. A two-dimensional example showing the position of
the variables used in eq. (1). 11
R=PR,=0

Of the generic form in

J. P. Straley, PRB 6, 4086 (1972)
Motivation was to get Weyl fermions on the

lattice, with a single cone
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Possible flat band energies in the Kagome model

D. Green, L. Santos, and C. Chamon, PRB 2010

E = —2g Flat very bottom band ¢:|: = 27 T+
E =+42g¢ Flat very top band ¢+ =m(2ng + 1)
E =0 Flat middle band
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Flat band as a “critical point”

O+ = =3(1/2 —¢)
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Can go on and on...
Parallel flat bands- honeycomb lattice w/ 3 flavors
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[(] Arethere other ways to get flat bands?

] Ae they as interesting as Landau levels”
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A Are there other ways to get flat bands?

] Ae they as interesting as Landau levels”
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[[] Arethey as interesting as Landau levels?

Up to that point, had examples of flat bands with
zero Chern number
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Quantum Hall effect w/o Landau levels

F. D. M. Haldane, Phys. Rev. Lett. 61, 2015 (1988).
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Can one flatten bands with a Chern number?

YES!

T. Neupert, L. Santos, C. Chamon, and C. Mudry, PRL 2011
E. Tang, J. W. Mei, and X. G. Wen, PRL 2011

K. Sun, Z. Gu, H. Katsura, and S. Das Sarma, PRL 2011
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Quantum Hall effect w/o Landau levels

V43 1 t
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Quantum Hall effect w/o Landau levels

1 Q ’.. y %
SN

t2 /t]_ — ﬁ ¢ 4 x N 4
KX /7

| S AR

\ /Al % .," Bi
)t A ¢ Y
5_/A%1/5 (,/ \\'0’.' |

Thursday, March 22, 2012



Can one get perfectly flat bands?

——
R \N
4 3 4 > 4
RN IV
——
N\ /Al . B
y >‘ A :(: y
/7 N\ .
O— >«
= > -~ P (i
Hy = ViV Hy =By o Yy, = A CeB
keBZ
H™ = = = In real space, hoppings decay exponentially with distance
_’k
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[(] Isthere a FQHE when flat bands with
non-zero Chern number are partially fixed?
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Add Interactions

V>0
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Chern insulator: exact diagonalization

inverse compressibility 6x4 lattice
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Chern insulator: exact diagonalization
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Chern insulator: exact diagonalization

) 3 x 6 plaquettes (36 sites)
@D

0054 Tz-: == - 0.05
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s there a fractional Hall effect”?  Other recent works

* D. N. Sheng, Z. Gu, K. Sun, and L. Sheng, Nature Comm. 2, 389 (2011)
* N. Regnault and B. A. Bernevig, Phys. Rev. X 1, 021014 (2011)

® Yang-Le Wu; B. A. Bernevig, N. Regnault, arXiv:1111.1172

e S. Parameswaran, R. Roy, and S. Sondhi, arXiv:1106.4025
e B. A. Bernevig, N. Regnault arXiv:1110.4488
® M. Goerbig, Eur. Phys. J. B 85(1), 15 (2012)

e R. Shankar and G. Murthy arXiv:1108.5501
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http://arxiv.org/abs/1106.4025
http://arxiv.org/abs/1106.4025
http://arxiv.org/find/cond-mat/1/au:+Bernevig_B/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Bernevig_B/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Regnault_N/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Regnault_N/0/1/0/all/0/1

[l Is there a FQHE when flat bands with
non-zero Chern number are partially fixed?

Thursday, March 22, 2012



A Is there a FQHE when flat bands with
non-zero Chern number are partially fixed?
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What about time-reversal symmetric systems”?
T. Neupert, L. Santos, S. Ryu C. Chamon, and C. Mudry
PRB 84, 165107 (2011)

PRB 84, 165138 (2011)
PRL 108, 046806 (2011)
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Spin quantum Hall effect - two FQHE layers

Doubled model with opposite FQHE for each spin species

B. A. Bernevig and S.-C. Zhang, Phys. Rev. Lett. 96, 106802 (2006).
M. Levin and A. Stern, Phys. Rev. Lett. 103, 196803 (2009).
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Time-reversal symmetric Abelian fractional liquids

T. Neupert, L. Santos, S. Ryu C. Chamon, and C. Mudry PRB (2011)

“V — O” FQHE Abelian Chern-Simons action

AT 1] ' v p
traints from TRS K " A
constraints 1mrom p—
Al —k

degeneracy on torus Hag =
for this subclass

K A Al —k
det (AT _/{) = |det ( B A>

T N2
= [Pf (AK ;) = [integer]”
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Lattice realization of time-reversal symmetric
fractional topological liquids

T. Neupert, L. Santos, S. Ryu C. Chamon, and C. Mudry PRB (2011); PRL (2011).

——————0 2 copies of flatband models,
SR B N / with opposite chirality for 4 spins
A $ 4 A
- “~ 1, N
—— flattened Kane+Mele model
\ /A e ’ Bl
\ 4 >‘ 1 x" \ 4
N RN Add interactions

Hiy = Uzpi,Tpi,l +V Z (pi,ij,T t PP, T QAPz,TPj,i)
i€A (ij) €A
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Topological insulator: 1/2 filling

= Z (-L Hyp + Uy: S: O

keBZ r a=A.B

Y D MY MY A
20 20 2R 2NN R 2

1/2 filling of lower bands,
4x3 |attice,
12 particles
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Topological insulator: 1/2 filling

= Z (I" Hk Cr +L‘r$: S: ‘”'r.T.u”T.l.(\

keBZ r a=A.B

1/2 filling of lower bands,
4x3 |attice,
12 particles

VR 0 28RN 20 ZRRUZNEN 2N 2R VN 2N 2

flat band
ferromagnetism
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Topological insulator: 1/2 filling
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Topological insulator: 1/2 filling

gl = Z (‘L H;. ¢, + US: x I

keBZ

1/2 filling of lower parnde
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12 particles

flat band
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Topological insulator: 1/2 filling

gl = Z (‘L H;. ¢, + US: x I

keBZ

1/2 filling of lower parnde

4x3 |attice,

12 particles
flat band
ferromagnetism
Spontaneous
QHE ¢
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Topological insulator: 1/2 filling

Restoring bandwidth:
full polarization stable uptoW =0.7 U
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Topological insulator: 2/3 filling

Hiy = UZIO'L’,TIOi,l +V Z (pi,ij,T + i 1P T 2>\P¢,¢ﬂj,i)

1EA (ij)EA
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Topological insulator: 2/3 filling

I/ ——
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Topological insulator: 2/3 filling
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lattice realization of a A = (0 (Bernevig+Zhang+Levin+Stern)
TRS fractional topological insulator
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Topological insulator: 2/3 filling
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Topological insulator: 2/3 filling

spontaneous TRS breaking x4 a4 vy =1/3

spontaneous FQHE VI LI I LI e d oy=1

uv=3ir=1
1 1 1
0 T y. 27
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Perspective - bulk vs. edge

Edge modes?

M. Levin and A. Stern, PRL (2009)
T. Neupert et al. PRB (2011)

+1 42 0 0
+2 41 0 0
o 0 -1 -2
o 0 -2 -1

K —
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Perspective - bulk vs. edge

Edge modes?
. """"" .. M. Levin and A. Stern, PRL (2009)
"\ 0 ',: T. Neupert et al. PRB (2011)

NO
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Perspective - bulk vs. edge

Edge modes?

. """"" .. M. Levin and A. Stern, PRL (2009)
"\ 0 ',: T. Neupert et al. PRB (2011)

------

NO

No propagating edge modes, but...
fractionalized excitations in the bulk!
Bulk rich ... edge poor
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Perspective - bulk vs. edge

Edge modes?

. """"" .. M. Levin and A. Stern, PRL (2009)
L 0 - T. Neupert et al. PRB (2011)

------

NO

No propagating edge modes, but...
fractionalized excitations in the bulk!
Bulk rich ... edge poor

More structure than captured by a Zio classification alone.
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Perspective - bulk vs. edge

Edge modes?
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No propagating edge modes, but...
fractionalized excitations in the bulk!
Bulk rich ... edge poor

More structure than captured by a Zio classification alone.
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T. Neupert, L. Santos, S. Ryu C. Chamon, and C. Mudry arXiv:1202.5188
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Classification of non-interacting states of matter
“Periodic Table of Topological Insulators”™

Symmetry d
AZ © = II 1 2 3 4 5 6 7 8
A 0 0 0 o Z 0 zZ 0 Z 0 Z
AIII] O 0 1 Z 0 #Z 0 #Z 0 Z 0
Al 1 0 0 0O 0 0 Z 0 Zeo Zo Z
BDI| 1 1 1 Z 0 0 0 Z 0 Zo Zo
D 0 1 0| Zx Z 0 0 0 Z 0 Zs
DIII| -1 1 1 | Zs Zo Z 0 0 0 Z O
AIl| —1 0 0 0 Zo Zo #Z 0 0 0 Z
clr| -1 -1 1 Z. 0 Zo Zo Z 0 0 O
C 0 —1 0 0 Z 0 Zs Zx Z 0 0
CI 1 —1 1 0O 0 Z 0 Zo Zo 7Z O

TABLE I Periodic table of topological insulators and super-
conductors. The 10 symmetry classes are labeled using the
notation of Altland and Zirnbauer (1997) (AZ) and are spec-
ified by presence or absence of 7 symmetry ©, particle-hole
symmetry E and chiral symmetry II = Z6. £1 and 0 denotes
the presence and absence of symmetry, with +1 specifying
the value of ©% and Z2. As a function of symmetry and space
dimensionality, d, the topological classifications (Z, Z2 and 0)
show a regular pattern that repeats when d — d + 8.

M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045 (2010)
Ryu, S., A. Schnyder, A. Furusaki, A. W. W. Ludwig,
New J. Phys. 12, 065010 (2010)

Kitaey, A., 2009, AIP Conf. Proc. 1134, 22; arXiv:0901.2686
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Classification of non-interacting states of matter
“Periodic Table of Topological Insulators”™

Symmetry IQHE d
AZ © = 1nul|1 2/3 4 5 6 7 8
Al o o oflof@ oz o z o0 Z
ATIIl 0 0 1|2 o0 Z 0 Z 0 Z 0
AT 1 0 0] 0 0 0 Z 0 Zo 7o Z
BDI| 1 1 1| 2Z 0 0 0 Z 0 Zs Zs
D| 0 1 0|2 Z 0 0 0 Z 0 Z
DIII| =1 1 1| Zs Zo Z 0 0O 0 Z 0
AlIl =1 0 0| 0 Zs Zo Z 0O 0O 0 Z
Cll| =1 -1 1| Z 0 Zo Zo Z 0 0 0
Cl 0 -1 0|0 Z 0 Zy Zo Z 0 0
CI| 1 -1 110 0 Z 0 Zs Zo 7 0

TABLE I Periodic table of topological insulators and super-
conductors. The 10 symmetry classes are labeled using the
notation of Altland and Zirnbauer (1997) (AZ) and are spec-
ified by presence or absence of 7 symmetry ©, particle-hole
symmetry E and chiral symmetry II = Z6. £1 and 0 denotes
the presence and absence of symmetry, with +1 specifying
the value of ©% and Z2. As a function of symmetry and space
dimensionality, d, the topological classifications (Z, Z2 and 0)
show a regular pattern that repeats when d — d + 8.

M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045 (2010)
Ryu, S., A. Schnyder, A. Furusaki, A. W. W. Ludwig,
New J. Phys. 12, 065010 (2010)

Kitaey, A., 2009, AIP Conf. Proc. 1134, 22; arXiv:0901.2686
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Classification of non-interacting states of matter
“Periodic Table of Topological Insulators”™

Symmetry IQHE d
AZ © = II 1 243 4 5 6 7 8
Al o o oflof@ oz o z o0 Z
AIIT| O 0 1 Zz 0 Z 0 #Z 0 Z O
Al 1 0 0 0O 0 0 2Z 0 Zy Zo Z
BDI| 1 1 1 Z 0 0 0 Z 0 Z2 Zo
D 0 1 0| Z #Z 0 0 0 2Z 0 Zo
DIII| -1 1 1 |\ %22 Zo Z 0 0 0 Z 0
AIL| =1 0 0 0 Zz Z 0 0 0 Z
cirf{ -1 -1 1 Zo 0 o Zo #Z 0 0 O
cl o -1 o|o0o z o'z, 2z z 0 o0
CI 1 —1 1 0O 0 Z 0 Zo Zo 7Z O
conitors, T 0 et oo bt M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045 (2010)
e b e o abxence of T symmeisy ©, parsclehol Ryu, S., A. Schnyder, A. Furusaki, A. W. W. Ludwig,
The presence anl absene. of aymimetry, with 11 specilying New J. Phys. 12, 065010 (2010)

the value of ©% and Z2. As a function of symmetry and space

dimensionality, d, the topological classifications (Z, Z2 and 0) KH’GQV, A., 2009, AIP Conf. Proc. 1134, 22; arXiv:0901.2686

show a regular pattern that repeats when d — d + 8.
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Classification of non-interacting states of matter
“Periodic Table of Topological Insulators”™

Symmetry IQHE d
AZ S = II 1 243 4 5 6 7 8
chifrai
Al o o oflo 2z o 0 Z 0 Z
AIIT} O 0 1 Z 0 (Z) 0 #Z 0 Z O
Al 1 0 0|0 0 0 Z 0 Zs Zo Z
BDI| 1 1 1 Z 0 0 0 Z 0 Zo Zs
D 0 1 0| Z #Z 0 0 0 2Z 0 Zo
DIII| -1 1 11 %22 Zo Z 0 0 0 Z O
AIl | -1 0 0 0 2 Zz 0 0 0 Z
ciry -1 -1 1 Z 0 o Zo Z 0 0 O
cl o -1 o|lo z o'z, zZo 2z 0 o0
CI 1 —1 1 0O 0 Z 0 Zo Zo 7Z O
conitors, T 0 et oo bt M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045 (2010)
e e e Ryu, S., A. Schnyder, A. Furusaki, A. W. W. Ludwig,
the presonce. and abence of symetes, with 1 specifying New J. Phys. 12, 065010 (2010)

the value of ©% and Z2. As a function of symmetry and space . .
dimensionality, d, the topological classifications (Z, Z2 and 0) KlfGeV, A., 2009, AIP Conf. Proc. 1134, 22; arXiv:0901.2686

show a regular pattern that repeats when d — d + 8.
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3D Lattice model

3 orbital model on the cubic lattice

3 3
szz A3 sink; + Ay M—Zcoski

Gell-Mann matrices

flat band

1=1
M=1
' XM T R X R M
' XM T R X R M
M=3
I' XM T R X R M
' XM T R X R M
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3D Lattice model

3 orbital model on the cubic lattice

3
Hy = Z A3 sink; + Ay <M — Zcos k,&>

Gell-Mann matrices

0 q
flat band Hy = ( 2112 5‘) chiral class (Alll)
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3D Lattice model

3 orbital model on the cubic lattice

3
Hy = Z A3 sink; + Ay <M — ZCOS k,L)

1=1 1=1

+2m, M| < 1,
O(M) =< —m, 1 < |M| <3,
0, 3 < |M].
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Non-commuting projected position operators

2D: Projection onto Landau level

X=P,RP,
)2 N

[XlaXQ] — +1€2B
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Non-commuting projected position operators

2D: Projection onto Landau level

X—P RP, X% =46
X Pt
| ax,
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Non-commuting projected position operators

2D: Projection onto Landau level

% —P,RP, X, %, = +i6
A AX
X2 <—>1
AX
non-commuting coordinates I ’

v

“fuzziness” X,
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Non-commuting projected position operators

2D: Coordinate transformation

r, = fu(r) [;?1, ;?2] — 4if?
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Non-commuting projected position operators

2D: Coordinate transformation

r, — f.(r) / [5(:1,5(:2} :—I—iEQB

LX), L X)| =+ {1, fote (X) + O (¢h)
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Non-commuting projected position operators

2D: Coordinate transformation

r, — f.(r) / [5(:1,5(:2} :—I—iEQB

LX), L X)| =+ {1, fote (X) + O (¢h)

of, of
Poisson bracket  { f1, fZ}P (r) = € < o, )

Jr, Or,
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Non-commuting projected position operators

2D: Coordinate transformation

r, — f.(r) / [5(:1,5(:2} :—I—iEQB

LX), L X)| =+ {1, fote (X) + O (¢h)

of, of
Poisson bracket  { f1, fZ}P (r) = € < o, )

Jr, Or,

transformation preserves area —> commutators are unchanged
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Non-commuting projected position operators

3D: what would be a “pristine” extension?

{55175527553] — _|_1€3

Nambu (quantum) 3-bracket

AN AN AN

A, Ay, Ag] = Cijk AiAjAk:
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Non-commuting projected position operators

3D: what would be a “pristine” extension?

{55175527553] — _|_1€3

Nambu (quantum) 3-bracket

AN AN AN

/ ( ) A, Ay, Ag] = €ijk ng\]A\k
r, — fu(r

1K), £o(X), £2(X)| =16 {1, for 3 hy (X) + O()

 ( Of; Of, Of
U1 fa, fadn (r) = € A ((‘?rl 8r,2/ 6ri> (r)

Nambu (classical) 3-bracket
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Non-commuting projected position operators

3D: what would be a “pristine” extension?

{55175527553] — _|_1€3

Nambu (quantum) 3-bracket

AN AN AN

/ ( ) A, Ay, Ag] = €ijk ng\]A\k
r, — fu(r

1K), £o(X), £2(X)| =16 {1, for 3 hy (X) + O()

 ( Of; Of, Of
U1 fa, fadn (r) = € A ((‘?rl 8r,2/ 6ri> (r)

Nambu (classical) 3-bracket

transformation preserves volume —> 3-brackets are unchanged
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Non-commuting projected position operators

3D: non-pristine

v dy, ot . 1 ab ~
X, —/d k x;(k) iD} (k) XB(k)

D,(k) =, + A, (k)

when Tr |D,,D,| = V/ddk trF, (k) =0

(:1X,,%,,%,| 1) ==iT[D,,D,,D,]
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Non-commuting projected position operators

3D: non-pristine

—11Tr [DwaDp]

A. P. Polychronakos (2007)

O
<)
=
><)
<
<)
o
\/
|
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Non-commuting projected position operators

3D: non-pristine

(+ 1%, %,,X,| 1) ==iT[D,,D,,D,]
A. P. Polychronakos (2007)

1 ~ &~ A 1272 1
N <: [Xl,XQ,Xs} :> — =T cs®
N, 17
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Non-commuting projected position operators

3D: non-pristine

(+ 1%, %,,X,| 1) ==iT[D,,D,,D,]
A. P. Polychronakos (2007)

1 ~ & =~ 1272 i
— <I [X17X27X3} :> = i 1CS(3)
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Non-commuting projected position operators

3D: non-pristine

(+ 1%, %,,X,| 1) ==iT[D,,D,,D,]
A. P. Polychronakos (2007)

1 ~ & =~ 1272 i
— <I [X17X27X3} :> = i 1CS(3)

N, 17
1<[;?;?;?}> Hi?
S . 19 94 3 . — 1
Np
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Non-commuting projected position operators

3D: fuzzy coordinates
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Non-commuting projected position operators

3D: fuzzy coordinates
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Non-commuting projected position operators

3D: fuzzy coordinates
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Summary

It is possible to have dispersionless bands (flat bands) that are isolated from all
others by an energy gap.

The isolated flat bands can be non-trivial in the sense of having a non-zero
Chern number, and thus sustain an IQHE when fully occupied.

When partially filled, electron-electron interactions can lead to the FQHE and
other topological phases in time-reversal invariant systems.

Topological Hubbard models have to ferromagnetic ground states: symmetry
breaking simultaneously with IQHE or FQHE.

Fractional Tl in 3D: non-commuting coordinates
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